Convex Distance Operator Transport:
Convex and Geometry-Preserving Formulation
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Abstract

We introduce Convex Distance Operator Trans-
port (CDOT), the first convex optimal transport
framework that aligns distributions across het-
erogeneous domains by jointly preserving fea-
ture correspondence and intrinsic geometric struc-
ture. Specifically, CDOT employs an operator-
based regularization that aligns aggregated dis-
tance structures by introducing distance and con-
ditional expectation operators. Consequently, the
proposed regularization improves the robustness
to local geometric variations. We further prove
that the resulting CDOT discrepancy is a valid
pseudometric on the space of attributed compact
metric-measure spaces. In addition, we character-
ize the relationship between CDOT and Gromov—
Wasserstien (GW) through a new notion of dis-
persion gap, formally elucidating the geometric
source of non-convexity in GW compared to the
convexity of CDOT. In the finite-sample regime,
we derive a non-asymptotic risk bound decom-
posed into optimization and statistical errors, es-
tablishing risk consistency under a globally con-
vergent Frank—Wolfe algorithm. Experiments on
synthetic point clouds, brain connectomes, and
graph classification benchmarks demonstrate bet-
ter performance over existing methods, with sta-
ble and reliable behavior in practice.

1. Introduction

Optimal transport (OT) provides a fundamental framework
for comparing probability measures by quantifying the min-
imal cost required to transport mass across spaces (Villani,
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(a) Cyclic graph with 8 nodes. (b) Cyclic graph with 12 nodes.

Figure 1. Cyclic graphs with different numbers of nodes. While
FGW compares distances edge by edge (|d — d’|*), CDOT aligns
the aggregated distance profiles (|E[d] — E[d']|*), comparing how
each node relates to its geometric structure.

2008). As OT induces meaningful correspondences between
samples, it has become a powerful tool in statistics and ma-
chine learning with various applications ranging from gen-
erative modeling to transfer learning (Rubner et al., 2000;
Courty et al., 2014; Yuan et al., 2025).

However, the classical OT based on the Wasserstein dis-
tance necessitates that data distributions reside in the same
space, which poses a restriction in many practical settings
where observations come from heterogeneous domains. The
Gromov—Wasserstein (GW) framework overcomes this lim-
itation by comparing distributions through their associated
metric-measure (mm) spaces, aligning intrinsic structure
without requiring an explicit cross-domain cost (Mémoli,
2011). The resulting GW discrepancy induces a pseudo-
metric on the space of compact mm spaces, vanishing if
and only if the spaces are measure-preserving isometric.
More recently, Vayer et al. (2020) propose the fused Gro-
mov—Wasserstein (FGW) approach, which integrates the
structural GW cost with a feature-based OT cost to utilize
auxiliary information such as node attributes in graphs.

Despite its versatility, FGW inherits the non-convexity of
GW arising from its formulation involving pairwise distance
comparisons, thereby standard optimization algorithms typi-
cally converge only to local stationary points. This limitation
calls for a convex objective that retains the metric property
while producing a meaningful transport plan.

In this study, we propose Convex Distance Operator Trans-
port (CDOT), the first convex geometry-aware OT frame-
work for aligning heterogeneous mm spaces via an operator-
level formulation that encodes intrinsic geometric structure.
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Table 1. Comparison of CDOT to existing methods. Domain groups methods by the underlying space of interest. Plan denotes whether
the algorithm explicitly outputs a coupling/matching. Theoretical Guarantees summarize (pseudo-)metricity, convexity of the underlying
optimization, and whether asymptotic consistency and finite-sample guarantees are available on the stated domain.

Theoretical Guarantees

Domain Method Plan Fii}‘;re Time
. Metric Convexity Consistency  Finite

CDOT (Ours) v/ v/ O(n®) v v/ v/ v/
Metric-measure  GW (Mémoli, 2011) v X O(n?) v X A X
(mm) spaces  EGW (Vayer et al., 2020) v/ v/ O(n?) A X A A
Entropic GW (Peyré et al., 2016) v X O(n?) X A X X
Euclidean Sliced GW (Titouan et al., 2019) X X O(nlogn) v X X X
) Low-rank GW (Scetbon et al., 2022) v X O(n) X X X X
e s GW-SDP (Chen etal., 2024) X o) X v X X
Sliced FGW (Piening & Beinert, 2025) X v On*logn) v X X X
Spectral (Leordeanu & Hebert, 2005) A X O(n?) X X X X
Graphs IsoRank (Singh et al., 2008) v/ v/ On®) X X X X
COPT (Dong & Sawin, 2020) v X  0mn*3) v X X X

Legend: v/ established guarantee on the stated domain. A: related statistical results exist, but they control the empirical risk/cost relative to its population counterpart rather than
the population risk attained by the returned plan/estimator itself. X: no explicit guarantee in the cited reference. Domain: Metric-measure (mm) spaces: population-level mm
spaces. Euclidean: standard Euclidean spaces R, Discrete mm spaces: discrete/empirical mm spaces. Graphs: finite graphs. Plan: outputs an explicit coupling/matching.
Feature Info.: uses feature information as data. Time: computational complexity. Metric: refers to (pseudo-)metricity on the stated domain. Convexity: convexity of the
objective. Consistency: existence of an explicit asymptotic guarantee for the population risk attained by the returned plan/estimator on the stated domain; for CDOT, this is the
risk-consistency result in Corollary 5.7. Finite: existence of an explicit finite-sample bound for the population risk attained by the returned plan/estimator on the stated domain.

Figure 1 contrasts two cyclic graphs, showing that (F)\GW
distinguishes them by enforcing rigid consistency between
individual pairwise distances, whereas CDOT aligns aggre-
gated distance profiles through operator-based regulariza-
tion and thus identifies the two structures as equivalent de-
spite differing node cardinalities. This relaxation attenuates
structural noise and yields a convex optimization landscape.

The advantages of the proposed framework, as summarized
in Table 1, can be highlighted as follows:

* Transport plan. Unlike slicing-based approaches that
focus on scalable discrepancy estimation, CDOT ex-
plicitly recovers an optimal transport plan, enabling
direct node correspondences between domains.

* Convexity. In contrast to existing approaches defined
on population-level mm spaces, CDOT admits a con-
vex optimization problem, guaranteeing convergence
to a global optimum without relying on additional re-
laxations such as entropic regularization.

¢ Theoretical guarantees. We establish that CDOT in-
duces a pseudometric on the space of attributed com-
pact mm spaces and provide a statistical theory, in-
cluding non-asymptotic risk bounds and consistency,
properties often absent in existing works.

* Computational tractability. CDOT admits an effi-
cient implementation with complexity O(n?), which is
comparable to standard FGW and substantially lower
than semidefinite relaxations O(n5).

In addition, we rigorously compare CDOT with the GW
objective through a dispersion gap analysis. Specifically, we

decompose the non-convex GW cost into our convex CDOT
objective and a concave dispersion penalty. This analysis
reveals that the non-convexity of GW stems from this dis-
persion term which favors deterministic plans, whereas our
approach achieves convexity by filtering out this effect.

We also substantiate our theoretical results through synthetic
2D point clouds and demonstrate the practicality of CDOT
on real brain connectome and graph classifcation datasets.

2. Preliminaries
2.1. Notations

Let (9, F,P) be a probability space, and let (X,dx),
(V,dy) be compact metric spaces. This guarantees that
both spaces are Polish so that regular conditional distri-
butions exist (Lemma E.1). Measurable maps X : Q@ — X
and Y : Q — Y are called random elements, with dis-
tributions Py = Po X 1 and Py = Po Y1, re-
spectively. For simplicity, Px and Py are fully supported.
Then (X,dx,Px) and (), dy,Py) form compact metric-
measure (mm) spaces. Denote by L?(X',Px) the Hilbert
space of real-valued, square-integrable functions on X with
respect to Px. We define L?()), Py) analogously. We fur-
ther introduce a compact feature space M C R” and define
continuous mappings fy : X — Mand fy : Y — M,
referred to as feature functions. We define an attributed
compact mm space as a tuple X = (X,dx,Px, fx) and
define ) = (Y, dy, Py, fy) similarly. For brevity, we as-
sume that diam(X) = diam()) = diam(M) = 1, where
diam(A) = sup, . c 4 da(a,a’) denotes the diameter. For



Convex Distance Operator Transport

probability measures 4 and v, denote by II(u, v) the set of
couplings whose marginals are x and v.

2.2. Related Work

The GW discrepancy (Mémoli, 2011) and its attributed vari-
ant, FGW (Vayer et al., 2020), serve as canonical frame-
works for aligning heterogeneous structures:

rr;in (1 —a)Ex[cs(X,Y)] + aRaw,2(7),

where the minimum is taken over the set of valid couplings
I(Px,Py), cs(x,y) = [[fx(z) — fy(y)||3 is the squared
Euclidean feature cost, and the quadratic GW cost is given
by Raw 2(m) = Ergrldx (X, X') — dy (Y, Y")[?].

A fundamental limitation of (F)GW is the non-convexity
arising from the tensor product 7 ® 7 in Rgw 2. As shown
in Table 1, several works have attempted to tackle this issue,
but few works have fully resolved the non-convexity and
provided rigorous metric properties on mm spaces. A more
comprehensive review is provided in Appendix B.

3. Proposed Method
3.1. CDOT: Convex Distance Operator Transport

The goal of CDOT is to align distributions on heteroge-
neous compact mm spaces by jointly matching features and
intrinsic structures through a transport plan 7 € II(Px, Py).
A fundamental challenge arises from the distinct metrics
equipped on each space, which precludes direct comparison
across domains. CDOT addresses this issue by lifting (i) the
geometric structure of each space and (ii) the transport plan
into linear operators acting on L? spaces, so that structural
alignment can be measured through operator compositions.

Definition 3.1 (Distance operator). Let (X,dx,Px) be
a compact mm space. The distance operator Dp, is an
integral operator defined on L?(X', Px) by

(D)@ = [ (o) (@ Px (),
Vfe L*(X,Px), Vo € X.

The distance operator can be viewed as a continuous ana-
logue of the pairwise distance matrix. For an empirical
measure Py supported on n distinct samples, the operator
admits a matrix representation [Dj ];; = dx(X;, X;)/n
(see Appendix F.1 for the derivation).

Definition 3.2 (Conditional expectation operator). For a
coupling 7 € II(Px, Py ), the conditional expectation oper-
ator Ty : L*(Y,Py) — L?(X,Py) is defined as

(Tog)(x) = /y g(y)n(dy | ), Vg € I*(V,Py),Va € X,

where 7(dy | ) denotes a Markov kernel.

Analogously, in finite-sample settings, 7 reduces to the
scaled transport matrix [T ];; = nm;;.

Leveraging these operator representations, the CDOT objec-
tive seeks a coupling that harmonizes both the feature repre-
sentations and the geometric structures of the two spaces.

Definition 3.3 (CDOT). Given two attributed compact mm
spaces X, 9), and a fusion weight parameter 0 < o < 1,
CDOT finds a transport plan 7 € II(Px, Py ) by balancing
the following two components:

Feature: F () :=E.[c/(X,Y)],
Structure: R(7) := || Dp, T — T Dpy |Iis>
CDOT objective: L, (7) = (1 — a)F(7) + a/2R(7),

where || - || s is the Hilbert-Schmidt (HS) norm. The CDOT
problem is then

inf Lo(m:%X,9).
WEH%]?X,]P’Y) a(ﬂ-7 ’93)

The feature alignment term JF(7) encourages element-wise
similarity between features, whereas the structural regular-
ization term R (7) penalizes structural discrepancy. Specif-
ically, R(7) measures the extent to which the conditional
expectation operator 7, fails to intertwine the intrinsic dis-
tance operators of the two spaces (i.e., the failure of the
commutativity relation Dp, T =~ T Dp,,).

The well-definedness of R(r) can be verified through its
integral representation (see Appendix F.2 for more details):

R(W;x,@):/y/XF,r(x,y)Q}Px(dx)Py(dy), D

where Fsrl)(m,y) =Eq[dx(z,X) | Y =y, Ff)(x, y) =
E.[dy(y,Y) | X = 2], and T, = I'" — 7. Since
the underlying spaces are compact, |T'x(z, y)| is bounded,
ensuring the finiteness of the integral.

Theorem 3.4 (Convex optimization). Given two attributed
compact mm spaces X, ), and a fusion weight parameter
0 < « < 1, the CDOT problem satisfies the following:

(Existence). There exists n* € II(Px,Py) such that

Lo(n":%,9) = inf  L,(mX,9).

Tell(Px,Py)
(Convexity). The CDOT objective is convex.
Proof. See Appendix F.3. O

Theorem 3.4 confirms that the CDOT problem is a well-
posed convex optimization problem. The existence of an
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optimal coupling is guaranteed by the lower semicontinuity
of the objective and the generalized Weierstrass theorem
(Lemma E.11), while convexity arises from the linearity of
F () and the convexity of the squared HS norm in R (7).

3.2. Geometric Interpretation: Pseudometricity

Beyond its optimization-theoretic properties, CDOT also
serves as a discrepancy between attributed compact mm
spaces. We define the CDOT discrepancy as the square root
of the objective, which satisfies the pseudometric property
on the space of attributed compact mm spaces.

Theorem 3.5 (Pseudometric). For each 0 < a < 1, define
the CDOT discrepancy between two attributed compact mm
spaces X and ) as

1/2
dS(x,9) ::( min La(mae,m)) .

TrEH(]P’x,Py)

Then, dEJO‘T) is a pseudometric on the space of attributed
compact mm spaces.

Proof. See Appendix F4. O

Theorem 3.5 confirms that dg"T) is a valid pseudometric.

The failure to be a genuine metric stems from the fact that
dg“%(ae, %)) = 0 does not necessarily imply X = 2); instead,
it indicates the existence of a coupling that preserves both
feature mappings and intrinsic distance operators.

The advantage of CDOT compared to GW-type methods is
illustrated in Figure 1. While FGW enforces consistency at
the level of individual pairwise distances and thus depends
critically on pointwise correspondences between nodes,
CDOT compares geometric structures through aggregated
distance profiles, formalized as conditional expectations of
distances. In this example, although the two spaces differ
in the cardinality of nodes, their aggregated distance pro-
files coincide under a suitable coupling. As a result, CDOT
assigns zero discrepancy, reflecting the alignment of local
geometric structure, whereas GW-type methods incur a pos-
itive cost due to unavoidable pairwise mismatches.

3.3. CDOT vs. Gromov—-Wasserstein

This section clarifies the structural difference between
CDOT and FGW by isolating their geometry terms. Since
the feature-alignment component is shared by CDOT and
FGW, we focus exclusively on comparing our R (7) with
the GW objective. To facilitate this comparison, we intro-
duce a new functional, termed dispersion, which quantifies
the spatial uncertainty induced by a coupling.

Definition 3.6 (Dispersion). The dispersion functional V :

II(Px,Py) — R is defined by

vir) = [[ (Varufdx(e, )| Y =)
+ Varaldy(y, V) | X = a]) Px (do)Py (dy).
Theorem 3.7 (Dispersion gap). For any m € II(Px, Py ),
Rew,2(m) = R(m) = V().
Proof. See Appendix F.5. O

Theorem 3.7 reveals that the GW objective penalizes not
only structural distortion, as captured by R (), but also the
spatial uncertainty of the coupling through the dispersion
term V(7). In contrast, the CDOT formulation deliberately
isolates the structural component by discarding this addi-
tional penalty, a design choice that underlies the differing
geometric and optimization behavior of the two methods.

Figure 2 compares the level sets of R(w) and Raw 2(7) on
the joint range of the mapping 7 — (R(w),V(w)). The
independent coupling 7ing = Px ® Py exhibits maxi-
mal dispersion, while bi-deterministic couplings lie on the
zero-dispersion axis. The attainable range typically forms
a non-convex, boomerang-like region, reflecting the trade-
off between structural distortion and dispersion. Since our
objective minimizes only R (), its level sets are vertical
(z = c¢), guiding descent-type methods toward the global
optimum 7* regardless of initialization. In contrast, the GW
objective minimizes R(w) 4+ V(), yielding diagonal level
sets (x + y = c¢). These level sets can interact with the non-
convex region and lead to suboptimal points. A numerical
realization of the blue region is provided in Appendix C.

4. Finite-Sample Estimation

This section presents the empirical formulation of the CDOT
objective, leading to a convex quadratic program over a
polytope. We solve this problem using the Frank—Wolfe
algorithm, with an optional post-processing step to extract a
hard matching from the resulting soft transport plan.

Let Xi,..., X, € Xand Y7,...,Y,, € ) be distinct sam-
ples, with associated features fx(X;) and fy(Y;). We de-
fine the empirical probability measures by

. 1 x ) 1
]P)X = — 6Xi7 ]PY = — 6y.7

where J,, is the Dirac measure at x. With a slight abuse of
notation, we identify the set of couplings II(Px , Py ) with
the polytope of nx x ny transport matrices. Under this
identification, any coupling 7 is treated as a matrix with
entries ;; = 7({X;} x {Y}}).
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Figure 2. Comparison of level sets. The blue region represents the range of = — (R (), V()), and red lines indicate the level sets of the
respective objectives. Tina = Px ® Py denotes the independent coupling. (a) Our formulation yields vertical level sets, guiding the
optimization trajectory (black arrows) from initialization 7y directly toward the global optimum 7*. (b) In contrast, the GW objective
induces diagonal level sets, causing the optimization trapped in a local optimum 7jec.

The empirical counterparts of the components in Defini-
tion 3.3 can be naturally derived by plugging in the empirical
probability measures. To this end, we first define the cost and
distance matrices. Let C'y € R™X*™ be the feature cost
matrix with [Cf]i; = || fx(X;) — fy(Y;)]|3. Similarly, let
Dy € R"™ "X and Dy € R™ *™ be the normalized
distance matrices defined by [Dg _Ji; = dx(Xi, X;)/nx
and [Dj_Ji; = dy(Y;,Y;)/ny. Substituting these into Def-
inition 3.3, we obtain the following empirical counterparts:

Empirical feature: F(7) := (Cf,7)p = Te(Cf ),
Empirical structure: R(r) :=n xny||Dp m—mDp_ 1%,

Empirical objective: £, () = (1—a)F(r) +a/2R (7).

Consequently, the empirical CDOT problem is a convex
quadratic program over the transport polytope:

Lo(m%,9).

min
nell(Px,Py)

(@)

Since (2) is a convex program, a wide range of convex
solvers can be applied (Boyd & Vandenberghe, 2004). In this
paper, we adopt the Frank—Wolfe (FW) algorithm (Frank &
Wolfe, 1956). The FW algorithm is well-suited to this setting
due to its projection-free nature. At each iteration, it requires
solving a linear minimization problem over H(I@’X, I@’y),
avoiding projections onto the transport polytope. This sub-
problem is often computationally simpler than the full pro-
jection, making the FW algorithm an attractive choice.

Appendix D presents two algorithms: the standard FW
procedure (Algorithm 1) and an efficient variant termed
lazy gradient FW (Algorithm 2). The latter leverages the
quadratic structure of the objective to efficiently update gra-
dients, reducing the cost from cubic to quadratic time. Al-
though the overall per-iteration complexity remains O(n?3)

dominated by the linear minimization problem, this strategy
significantly lowers the practical computational overhead.

The estimated coupling 7 is generally a soft transport plan,
i.e., a fractional coupling over H(]f” X, ﬁ”y). In applications
that require a deterministic matching, we project the soft
plan onto the set of permutation matrices via the linear
assignment problem (LAP):

P = argmaxTr(P"7),
PEP,

3

where P, is the set of permutation matrices when nxy =
ny =n. This LAP can be efficiently solved by the Hungar-
ian algorithm (Kuhn, 1955). When nx # ny, an analogous
rectangular assignment problem can be solved instead.

5. Risk Consistency

This section establishes the risk consistency of the estimator
7. Our analysis relies on Wasserstein-1 distances to control
the discrepancy between empirical and population measures.

Definition 5.1 (Wasserstein-p distance). Let (S, ds) be a
compact metric space. For Borel probability measures . and
v on S, the Wasserstein-p distance (1 < p < o) is

inf
mell(p,v)

WS (p,v) = ( /st ds(z,y)? n(d, dy)) Up-

Since d% is continuous and S is compact, the infimum is
always attained (see Appendix E.2 for details).

Below are some technical assumptions required to derive
the precise convergence rate for our proposed method.

Assumption 5.2 (No atoms). Px and Py are non-atomic;
Px({z}) =Py({y}) =0forallz € XY andy € Y.
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Assumption 5.3 (No ties). For any distinct 1,25 € X,
y1,Yy2 € Y, and for any c € R,

Px({zr € X :dx(z,21) —dx(z,22) = c}) =0,
Py({y € Y :dy(y,y1) — dy(y,y2) = c}) = 0.

Assumptions 5.2 and 5.3 rule out degeneracies such as ties
and mass concentration. In particular, these conditions pre-
vent ambiguous assignments and discontinuities caused by
boundary events, which allows empirical and population-
level objectives to be compared in a stable manner.

Assumption 5.4 (Lipschitzness). The feature functions fx
and fy are L ¢-Lipschitz: for all 21,22 € X and y1,y2 € Y,

[ fx(z1) = fa(x2)ll2 < Ly dx (1, 72),
[ fy(y1) = fy()ll2 < Ly dy(y1,92).

Assumption 5.4 ensures that variations in the feature space
M are controlled by the metric structures of X’ and Y.

Assumption 5.5 (Stability). For each 0 < a < 1, there
exists an optimal coupling 77, € arg min, cry(py py ) LalT)
such that for some Ly, > 0,

Wi (i (| y), w1 y)) < Lw dy(y.y), Yo,y €D,
Wi (o (- | @), (- | ) < Lw dx(a,2), Vo,2' € X.

Assumption 5.5 imposes Lipschitz regularity on the condi-
tional distributions of optimal couplings, which prevents the
associated Markov kernels from oscillating severely. This
assumption is satisfied, for instance, when the optimal cou-
pling is induced by a Lipschitz Monge map. Such stability
assumptions have been widely adopted in OT literature (Deb
et al., 2021; Hiitter & Rigollet, 2021; Manole et al., 2024).
Theorem 5.6 (Deterministic error bound). Consider the
fixed empirical measures Py and Py supported on distinct
points. Let T be the output of FW Algorithm 1 with 0 <
a < 1, the iteration count T, and step size v¢ = 2/(t +
2). In addition, suppose that Assumptions 5.2 to 5.5 hold.
Let Qx € H(IP’X,]fDX) and Qy € H(Pyﬂ@’y) denote the
optimal couplings minimizing Wld ~* and Wld Y. We define
the glued measure ®,, : H(I@’X, ]f”y) — I(Px,Py) by

®,(x)(do,dy) = [ Qx(dw | 3) Qv (dy | ) w(d.di).
Then, there exists a constant C' > 0 such that

‘ca (bn T 5 xa - i

( (ﬂ-) @) wGHI(IIlP’l)?,IP’Y)
32 Nmin

- T+3
——

Optimization error

Lo(m; X, ED)‘

+C (Wi (B, Bx) + W (By, By) )

Statistical error

where Ny, = min{nx,ny }.

Proof. See Appendix F.6. O

Theorem 5.6 demonstrates that the total error naturally de-
composes into two distinct sources. The first is the optimiza-
tion error, arising from the finite number of iterations in
the FW algorithm; as expected, this term decays at the rate
of O(1/T). The second is the statistical error, which re-
flects the intrinsic uncertainty incurred by replacing the true
distributions P x and Py with their empirical counterparts.

The glued measure ®,, lifts the discrete solution 7 to the
continuous population space with minimal transport cost.
We can quantify the spatial displacement incurred by this
lifting using Markov’s inequality:

P x %)y (da (X, X) > €) < e Wi (Px, Px).

Therefore, provided that the empirical measures converge
in W1, the blurring effect introduced by lifting 7 to the
continuous space II(Px, Py ) vanishes asymptotically.

Corollary 5.7 (Risk consistency). Suppose the assumptions
in Theorem 5.6 hold. Assume further that the datasets con-
sist of i.i.d. samples drawn from Px and Py, respectively.
Consider sequences of sample sizes nx,ny — 0o and iter-
ation count Ty, such that nminT,, L 0. Then,

min

B (3): a.s.
Ea( n(ﬂ-)7x’@) — m€ll(Px ,Py)

Lo(m;%,9).

The established error bound remains valid up to a constant
factor when the population objective L, (®,,(7); X,2)) is
replaced by the empirical objective L (7; X,92)) in Theo-
rem 5.6 and Corollary 5.7. Therefore, the finite-sample opti-
mal transport cost itself is a consistent estimator of the pop-
ulation optimal cost, i.e., ﬁa(fr) — Milgerey,py) LalT).

Finally, the choice of iteration count 7T’ is briefly discussed.
While the optimization error bound in Theorem 5.6 depends
on nuyi, due to worst-case control of operator norms, a
moderate number of iterations (e.g., 7' = 50, 100, 200) is
sufficient to reduce the error to a negligible level in practice.

6. Empirical Validation
6.1. Synthetic Data Analysis

This section empirically validates the theoretical results us-
ing synthetic 2D clustered point clouds. Our primary focus
is to assess optimal solution recovery and to verify the con-
sistency of the estimated transport plan by increasing the
sample size. We first define the underlying space as [0, 2]2,
partitioned into four unit-square regions {Ry }#_;:
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Table 2. Comparison of MSE (mean =+ std) over 100 trials. CDOT is compared against FGW, Entropic FGW (EFGW), IsoRank, Spectral
Matching (Spectral), and COPT. The best MSE for each n is highlighted in bold.

n=N/4 CDOT (Ours) FGW EFGW IsoRank Spectral COPT
100 0.0077 £ 0.00 0.0146 £ 0.00 0.0098 + 0.00 0.0141 £0.00 1.3447 £0.07 0.6664 + 0.02
200 0.0040 + 0.00  0.0081 £0.00 0.0054 £0.00 0.0078 £0.00 1.3429 £0.06 0.6691 £ 0.01
300 0.0027 + 0.00  0.0055+0.00 0.0038 £0.00 0.0053+0.00 1.3276 +£0.04 0.6670 £ 0.01
400 0.0020 £ 0.00  0.0043 £0.00 0.0031 +£0.00 0.0041 £0.00 1.3355+0.04 0.6682 + 0.01
500 0.0016 +£ 0.00  0.0034 +0.00  0.0025 + 0.00 0.0033 £0.00 1.3373 £0.03 0.6670 + 0.01
We equip this space with the Euclidean metric and a feature ° : . ® left-cortical
function f : [0,2]> — {1,...,4} defined by f(x) = k if = B SV left-subcortical
2 € Ry. This constructs the attributed mm spaces: ¢ e o ] ® right-cortical
pl ® L e . » ® right-subcortical
—) — 2. 2 o> o & ° 4 ® central-cortical
X=9= ([0’2] A -1l2, U ([0, 2%), f> ’ n " &e, Pe, e, ® central-subcortical
S e i f‘-'o.
where U ([0, 2]?) denotes the uniform distribution on [0, 2]2. L R o5 } 2 " o° :' 2
W e
We sample n points uniformly from each region Ry, re- o :* q . ® %
sulting in a total sample size of N = 4n. The feature cost ® «® o * »
matrix C is defined by the 0 — 1 cluster mismatch penalty: o%e % A
Peo o0
. ®
[Clij = min{1, [ f(z:) — f(y;)]}- “e ’

We compare CDOT with five baseline algorithms: 1)
FGW, 2) Entropic FGW (EFGW), 3) IsoRank, 4) Spectral
Matching (Spectral), and 5) Coordinated Optimal Trans-
port (COPT). Detailed configurations are provided in Ap-
pendix G. Since Spectral and COPT do not incorporate fea-
ture information, they are independent of the fusion weight
«. Distance matrices are normalized by their maximum
values in all experiments. For EFGW, we report the best per-
formance obtained at e = 1073 over {1074, ..., 107 1}. We
vary the cluster size n € {100, ...,500} witha fixed « = 0.5
for CDOT, FGW, EFGW, and IsoRank. Results are averaged
over 100 independent trials with random initialization, and
the number of iterations is set to 7" = 200. Performance is
evaluated using the mean squared error (MSE) between the
source X and the transported target Y = NaY.

Table 2 summarizes the simulation results. CDOT consis-
tently achieves the lowest MSE across all sample sizes, and
the error decreases as n increases. These trends empirically
support the design of the CDOT objective, suggesting that
the operator-based structural term provides a stable and ef-
fective geometric alignment signal when combined with fea-
ture matching. EFGW yields results comparable to CDOT,
likely due to the entropic regularization; as the entropic regu-
larization smooths the GW objective and partially mitigates
issues arising from the dispersion term. IsoRank also shows
comparable performance to CDOT, which is expected given
the underlying isomorphism between the spaces. In contrast,
Spectral and COPT exhibit higher MSEs, as they rely purely
on structural information without leveraging the features.

Figure 3. Visualization of an OASIS-3 brain connectome (170
nodes). Nodes are colored according to six anatomical region
labels, corresponding to left, right, and central regions, each subdi-
vided into cortical and subcortical areas.

6.2. Brain Connectome Analysis

The proposed CDOT is evaluated on the OASIS-3 brain con-
nectome dataset (Kerepesi et al., 2017), which comprises
structural brain networks from 696 subjects. Each network
consists of 170 nodes annotated by six anatomical labels
(see Figure 3), with weighted edges representing anatomical
connectivity. Since all subjects share a common atlas, the
ground-truth correspondence is the identity. Pairwise match-
ing is performed between the first 100 subjects (199C?2), and
performance is reported in terms of average accuracy.

We use categorical labels representing hemispheric and cor-
tical status as features, and we consider two distinct met-
rics: geodesic distance and diffusion distance. CDOT is
compared against OT-based methods (FGW, EFGW) and
topology-based baselines (Spectral, IsoRank, and COPT),
where topology-based methods utilize graph adjacency ma-
trices as inputs. Analogously to the sythetic setting, we use
the fusion weight « = 0.5 for CDOT, FGW, FGW, and
IsoRank. Further details are provided in Appendix G.3.

The results in Table 3 demonstrate CDOT’s capacity to
utilize robust geometric information. While FGW shows
a marginal edge under the geodesic distance due to its di-
rect minimization of pairwise distortions, CDOT achieves
a lead when utilizing diffusion distance. This performance
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Table 3. Comparison of matching accuracy on OASIS-3. The best
value for each structure representation is highlighted in bold.

Structure Representation

Method Diffusion  Geodesic  Topology
CDOT (Ours) 0.6136 0.4640 -
FGW 0.1853 0.5375 -
EFGW 0.4097 0.4583 -
IsoRank - - 0.4055
Spectral - - 0.0737
COPT - - 0.0253

disparity stems from the fundamental difference in geomet-
ric perception. Unlike the brittle geodesic distance, which
relies on single shortest paths vulnerable to noise, diffusion
distance averages over all paths to capture robust global con-
nectivity. CDOT effectively leverages this rich geometric
information. Conversely, FGW struggles because diffusion
smooths out local metric details; this reduced variance di-
minishes the distinct pairwise contrasts required by the GW
objective for precise alignment.

Performance among topology-based baselines is mixed.
Spectral and COPT yield poor accuracy, confirming that
relying solely on adjacency structure is insufficient. Con-
versely, [soRank achieves a competitive accuracy by incor-
porating node features. However, it still falls short of OT-
based methods. This indicates that while integrating feature
signals is crucial, IsoRank’s reliance on local neighborhood
similarity is less effective than OT frameworks.

6.3. Graph Classification

Beyond the matching application, we assess the capability of
CDOT to serve as a metric for graph classification tasks. We
conduct experiments on standard benchmark datasets from
TUDataset (Morris et al., 2020), covering both bioinformat-
ics (MUTAG, PROTEINS, NCI1, ENZYMES) and social
network (IMDB-BINARY). Specifically, the bioinformatics
tasks involve predicting molecular properties or biological
functions, whereas the social network task classifies actor
collaboration graphs by movie genre.

We adopt a kernel-based classification framework using a
support vector machine (SVM). For each method, we com-
pute the pairwise distance matrix D between all graphs
in the dataset to construct a Gaussian RBF kernel K =
exp(—vyD?). We employ a nested cross-validation scheme
to ensure a robust evaluation. The outer loop performs 10-
fold stratified cross-validation to estimate accuracy. The
inner loop (5-fold) performs a grid search to select op-
timal hyperparameters: the SVM regularization parame-
ter C € {107!,...,10?} and the kernel bandwidth vy €
{1073, ...,10}. For fused approaches (CDOT, FGW), we
also tune the fusion weight o € 0.25 x {0, ...,4}. Input
graphs are represented by their geodesic distance matrices

to capture global geometry. For node features, we utilize the
provided labels or attributes. However, for IMDB-BINARY,
lacking node features, we rely solely on structural geometry;
in such cases, the fusion weight is fixed at &« = 1, and it is
excluded from the hyperparameter tuning procedure.

Table 4 summarizes the classification performance. CDOT
consistently outperforms the baseline methods across di-
verse datasets. The performance gap is particularly notable
in datasets rich in feature information, such as MUTAG
and ENZYMES, where CDOT achieves significantly higher
accuracy than purely structural methods (GW and COPT).
This highlights the efficacy of our method in fusing feature
signals with geometric structure. Notably, even in IMDB-
BINARY where no node features are available (o« = 1),
CDOT maintains the best performance solely based on struc-
tural information. This suggests that the proposed operator
geometry captures topological distinctions more effectively
than the standard GW approaches. We emphasize that while
specialized neural architectures may achieve state-of-the-art
results on these benchmarks, CDOT demonstrates superior
performance compared to existing OT baselines.

7. Discussion

This work introduces Convex Distance Operator Transport
(CDOT), a novel geometry-aware convex framework that
aligns heterogeneous mm spaces via an operator-based for-
mulation. By aggregating geometric information at the oper-
ator level, CDOT filters out the geometric dispersion term,
the source of non-convexity in GW approaches, which en-
sures a convex optimization landscape while effectively
capturing geometric information. Theoretically, we show
that the resulting discrepancy serves as a valid pseudometric
between attributed compact mm spaces and establish the
risk consistency of our estimator through non-asymptotic
risk bounds. Experiments on synthetic and real-world data
empirically demonstrate the efficacy of our method.

Several avenues remain for future investigation. A particu-
larly promising direction is the development of a statistical
inference framework for mm spaces. Since the CDOT dis-
crepancy constitutes a valid pseudometric, it naturally lends
itself to statistical inference on mm spaces. Developing
hypothesis testing frameworks, such as isomorphism tests
based on the CDOT discrepancy, would be an interesting
future work. Furthermore, while this study requires that the
metric structure (e.g., geodesic or diffusion) be predefined,
one could jointly learn the optimal ground metric or fea-
ture representation that minimizes the CDOT discrepancy
by integrating the CDOT objective as a differentiable layer
within deep neural networks. We expect that this direction
bridges the gap between geometric optimal transport and
representation learning.
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Table 4. Comparison of classification accuracy (mean =+ std) across different graph datasets. We compare CDOT against FGW, GW, and

COPT methods. The best accuracy for each dataset is highlighted in bold.

CDOT (Ours) FGW GW COPT
Dataset Avg. Nodes Node Info. Acc. (mean + std) Acc. (mean £ std) Acc. (mean =+ std) Acc. (mean =+ std)
MUTAG 17.93 Label 0.8617 + 0.07 0.8249 + 0.08 0.7175 £0.10 0.6330 £+ 0.04
IMDB-B 19.77 None 0.6420 £+ 0.04 0.6020 £ 0.07 - 0.6370 £+ 0.03
PROTEINS 39.06 Attr. 0.7547 £ 0.03 0.7358 £ 0.03 0.6612 £ 0.03 0.6954 £ 0.04
NCI1 29.87 Label 0.7477 £+ 0.01 0.7302 £+ 0.01 0.5708 £ 0.02 0.5993 £ 0.02
ENZYMES 32.63 Attr. 0.5133 £ 0.04 0.4450 + 0.03 0.2383 £+ 0.07 0.2350 £+ 0.06

8. Impact Statement

This paper presents a methodological contribution to op-
timal transport and structured data analysis. Its potential
benefits include more reliable alignment and comparison of
heterogeneous graphs or metric-measure spaces, with appli-
cations in scientific domains such as biology, neuroscience,
and network analysis. Since CDOT is a general-purpose
tool, its societal impact depends on the downstream setting;
possible risks include privacy-sensitive graph matching or
biased conclusions when applied to human-related network
data. We do not foresee direct negative societal impacts
beyond those common to machine learning methods, but
deployment in sensitive domains should be accompanied
by appropriate validation, privacy safeguards, and domain-
specific oversight.
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A. Notations

We first introduce some notations used throughout Appendix. Let (2, 7, P) be a probability space, and let (X, dy) and
(Y, dy) be compact metric spaces. We denote by B(X') the Borel o-algebra on X'. The compactness guarantees that both
spaces are Polish, ensuring that regular conditional distributions exist (Lemma E.1).

For a set S, we denote by I 4 the indicator function of a subset A C S. For a metric space (S, ds), let C(S) be the space of
continuous functions and C3(S) be the space of bounded continuous functions from S to R. Note that since X and ) are
compact, C'(X) = Cp(X) and C(Y) = Cy(Y). For a measure  on S and p € [1,00), let LP(S, u) denote the Banach space
of measurable functions f : S — R such that [ |f[Pdu < co. When the domain is clear from the context, we abbreviate
this as LP(1). Specifically, L (1) forms a Hilbert space equipped with the inner product (f, g) r2(.) = [ fgdp.

We denote by P(X) the set of all Borel probability measures on X. For z € X, §, denotes the Dirac measure concentrated
at x. Measurable maps X : Q — X and Y : Q — ) are called random elements taking values in X’ and ), with distributions
Px := Po X! and Py := P o Y !, respectively. For simplicity, we assume Px and Py are fully supported. Then
(X,dx,Px) and (Y, dy, Py ) form compact metric—-measure (mm) spaces. We say a measurable map T : X — ) pushes
forward p to v if u(T=1(A)) = v(A) for all A € B(Y). We write Ty = v if T pushes forward p to v. For a subset
A € B(X), the restriction of u to A is denoted by | 4, defined as | 4(B) = u(AN B).

For probability measures fi1, ..., (4, denote by
TI(p1y -y o) == {7 : the marginals of 7 are piq, ..., fm }

the set of all couplings among them. We further introduce a compact feature space M C R* and define continuous mappings
fx: X > Mand fy : Y — M, referred to as feature functions. With these components, we define an attributed compact
mm space as a tuple X := (X,dx,Px, fx). We define 9 = (), dy, Py, fy) analogously. Throughout this paper, we
assume that diam(X') = diam()) = diam(M) = 1, where diam(A) := sup, ,/c 4 da(a,a’) denotes the diameter.

B. Related Works

This section reviews representative approaches for aligning structured objects modeled as mm spaces and graphs. We
begin with the definition of the Gromov—Wasserstein (GW) discrepancy, a fundamental framework for comparing metric
structures. This is immediately followed by the fused Gromov—Wasserstein (FGW) formulation, which extends GW to
incorporate auxiliary feature information alongside structural data. Given that both objectives involve a quadratic dependence
on the coupling, we subsequently discuss strategies to address the inherent non-convexity of these problems, including
entropic regularization schemes and convex relaxations. The review then proceeds to scalability-oriented approximations
designed for large-scale applications, such as sliced and low-rank variants. Finally, we cover graph-specific optimal transport
formulations, specifically Coordinated Optimal Transport (COPT), and summarize classical non-OT baselines such as
spectral and random-walk-based network alignment methods.

For two compact mm spaces (X, dx, Px) and (), dy, Py ), the p-th order GW (GW-p) objective Raw p : II(Px,Py) — R
with 1 < p < oo is defined by

Raw.p(7) = Engr [|da (X, X') — dy(Y,Y")["] = / |dx (x,2") — dy(y,y) "7 (de, dy)m(dz’, dy’).

The GW-p discrepancy is obtained by minimizing (Raw ,(7))/? over 7 € TI(Px, Py ), vanishing if and only if the two
spaces are measure-preserving isometric. However, this formulation involves a tensor product of the coupling (i.e., 7 ® ),
rendering the optimization landscape inherently non-convex due to its quadratic dependence on . While GW-p is defined for
general p, most works focus on the quadratic case (p = 2) (Mémoli, 2011; Peyré et al., 2016; Rioux et al., 2024; Chen et al.,
2024) due to its theoretical clarity. In the sequel, references to the GW objective imply p = 2 unless otherwise specified.

In many applications, points in mm spaces are equipped with auxiliary attributes alongside their structural information. The
FGW framework (Vayer et al., 2020) addresses this by interpolating between a feature-based transport cost and the structural
GW discrepancy. Given two attributed compact mm spaces X and ) coupled with a feature cost ¢(+, -), the FGW objective
Lrow o : I(Px,Py) — Ris defined by

EFGW,a(7T§ X, QJ) = (1 - a) Er [C(X7 Y)] +a RGW’Q(T‘—%
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where the parameter 0 < o < 1 regulates the trade-off between feature matching and structural alignment. Although Vayer
et al. (2020) define FGW in a more general setting and establish its pseudometric properties in special cases, we focus here
on the quadratic formulation. Consequently, the FGW objective inherits the non-convex nature of the GW objective Rgw 2.

A substantial literature aims to mitigate the non-convexity of (F)GW, either by proposing scalable solvers with convergence
to stationary points or by constructing convex surrogates. For instance, Peyré et al. (2016) and Solomon et al. (2016)
introduce entropic regularization together with projected-gradient or Sinkhorn-type schemes, which partially mitigates
non-convexity issue and improves numerical stability. Notably, Rioux et al. (2024) demonstrate that under sufficiently
strong regularization, the dual formulation of entropic GW objective becomes globally convex, admitting theoretical
guarantees for global optimality. However, outside this specific high-regularization regime, the optimization landscape
remains generally non-convex, with solvers typically converging only to stationary points. Furthermore, a limitation of
these entropic formulations is that they generally fail to preserve the pseudometric properties on the space of attributed
compact mm spaces. Finally, its performance is often highly sensitive to the choice of the regularization parameter, which
necessitates careful tuning to balance numerical stability with approximation fidelity.

To mitigate the computational burden of GW-type objectives, several scalable approximations have been proposed. A
prominent direction is a slicing-based approach, exemplified by Sliced GW (Titouan et al., 2019), which approximates
the discrepancy by averaging costs computed over randomized one-dimensional projections. While this formulation offers
significant scalability for large-scale Euclidean point clouds, it inherently requires the underlying spaces to possess a
Euclidean structure and typically estimates the distance value rather than explicitly retrieving the transport coupling.

Recently, Piening & Beinert (2025) extend this paradigm to the fused setting (Sliced FGW), incorporating attribute
information to handle structured domains efficiently. However, like its predecessors, it primarily targets fast discrepancy
estimation via sliced projections and therefore does not directly output a globally consistent coupling or permutation,
often necessitating auxiliary post-processing when explicit node correspondences are required. Moreover, its fidelity to the
underlying FGW objective depends on approximation choices (e.g., the number and placement of quantile samples and
random projections), introducing a trade-off between computational efficiency and the tightness of the approximation.

Alternatively, structural restrictions on the optimization variables offer another path to scalability. Scetbon et al. (2022)
introduce a low-rank GW framework that restricts the admissible couplings and cost matrices to low-rank factorizations.
This approach achieves linear time and memory complexity, making it applicable to massive datasets with millions of points.
Nevertheless, its effectiveness is contingent upon the assumption that the intrinsic geometry of the data and their optimal
alignment can be faithfully captured by a low-rank representation, which may not hold for all complex topological structures.

Chen et al. (2024) propose a semidefinite programming relaxation of the GW objective (GW-SDP), yielding a convex lower
bound that can be optimized in a lifted space and providing a certificate to assess near-optimality. Despite these appealing
guarantees, the relaxation can incur substantial computational overhead, limiting applicability to small-sized problems.
Moreover, while the relaxation is provably tight in several structured settings, its broader theoretical behavior remains largely
unexplored.

Beyond GW/FGW, COPT (Dong & Sawin, 2020) provides an OT-based approach to graph alignment by coupling vertex
matching with the alignment of graph-induced random signal distributions. COPT equips each graph with a Gaussian
measure over graph signals and seeks a vertex coupling that is consistent with a transport mechanism acting on these signal
distributions. This perspective emphasizes global structural alignment through signal statistics, rather than relying on an
explicit feature cost matrix. However, this framework requires the assumption of Gaussian signal distributions and lacks a
direct mechanism to incorporate node attributes. A formal definition of the COPT objective is provided in Appendix G.

Classical baselines for matching and network alignment include spectral methods and random-walk-based similarity
propagation. Spectral Matching (Spectral) (Leordeanu & Hebert, 2005) embed nodes using eigenvectors of adjacency or
Laplacian-derived matrices and then solve an assignment problem based on distances between spectral embeddings. This
typically yields a continuous score first, and a hard matching is obtained only after an additional discretization or assignment
step (e.g., solving an LAP). In network alignment, IsoRank (Singh et al., 2008) iteratively propagates similarity scores
over the Kronecker product of two graphs, based on the principle that two nodes are similar if their neighbors are similar.
These approaches are typically computationally efficient and conceptually simple, but their performance can be sensitive to
symmetries, spectral ambiguities, or local neighborhood distortions, depending on the underlying graph geometry.
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Figure 4. Empirical visualization of the optimization landscape. The scatter plot illustrates the image of the transport polytope projected
onto the plane spanned by the structural regularization R () (z-axis) and the dispersion penalty V() (y-axis) for an isomorphic matching
problem with n = 4. Black circles represent permutation matrices (extreme points), the red triangle marks the independent coupling
(Px ® Py ), and gray points denote random transport plans sampled from the interior of the polytope.

C. Numerical Realization of 7 — (R(7), V(7))

We empirically project the coupling space II(Py, Py ) onto the two-dimensional plane spanned by the structural regulariza-
tion R () and the dispersion penalty V(7). We consider a synthetic matching problem between two Euclidean spaces with
n = 4 points, constructed to be isomorphic (measure-preserving isometric) up to a rigid transformation.

The resulting landscape is illustrated in Figure 4. The horizontal and vertical axes correspond to the structural regularization
R(7) and the dispersion penalty V(r), respectively. The gray scatter points represent transport plans 7 randomly sampled
from the interior of the transport polytope (II(Px, Py )) using Dirichlet mixtures. The black circular points denote the
permutation matrices (extreme points), while the red triangle marks the independent coupling (Px ® Py ). Notably, the
projected points form a distinctive non-convex, boomerang-like region, empirically validating the schematic illustration
discussed in Section 3.3. This shape highlights the geometry of the coupling space: the independent coupling sits at the
peak with maximal dispersion, while the feasible region bifurcates and descends towards the zero-dispersion axis where the
bi-deterministic permutation matrices reside.

D. Algorithms

In this appendix, we provide detailed pseudocodes for the algorithms discussed in Section 4 and present a comparative
analysis of their computational complexity. Importantly, we note that these algorithms are mathematically equivalent.
D.1. Standard FW Algorithm

Algorithm 1 outlines the standard Frank—Wolfe (FW) procedure. In each iteration, it computes the full gradient of the
objective function and solves a linear minimization subproblem over the transport polytope.

The procedure begins by constructing the feature cost matrix C'y and the normalized distance matrices D and Dg_ based
on the input data (lines 3-5). The main optimization loop (lines 6-10) iteratively refines the transport plan 7. In each iteration
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Algorithm 1 Convex Distance Operator Transport Plan via FW and Optional LAP

1: Input: Source data {(X;, fa (X;))};, target data { (Y}, fy(Y;))};2,, fusion weight parameter 0 < a < 1, iteration

count 7', initial coupling 7(%)
Construct matrices:
[Crlij < [If2(X:) = fy(¥))]3
[Dp, Jiir <= dx (X, Xir) /nx
(Dp, ljj: < dy(Y;, Yy)/ny
fort =0to T — 1do
Calculate the gradient V£ (7(®)
) — arg min, s ) I (Vﬁa(w(t))Tu)
7D (1 — 4)7® 4 ~5,u® for some 0 < v, < 1
end for
R e
: Optional (LAP): P« arg maxpcp Tr(PT#)
: Return: 7 (and optionally P)

RSN A

p—
N2

—_
w

t, we first compute the full gradient of the objective function, VL, (n® ), at the current iterate 7® (line 7). Next, we solve
the linear minimization oracle (LMO) in line 8; this step corresponds to a standard linear optimal transport problem where
the cost matrix is given by the computed gradient. This yields the update direction 1(*), which is a vertex of the transport
polytope. The new iterate 7(**1) is then obtained by taking a convex combination of the current plan 7(*) and the direction
p®) using a step size v, (line 9). After T iterations, the algorithm outputs the final soft coupling 7 (line 11). Finally, line 12
describes the optional post-processing step, which solves the linear assignment problem (LAP) to project the soft coupling 7
onto the set of deterministic assignments P, yielding the hard assignment P.

D.2. Lazy Gradient FW Algorithm

The standard FW algorithm typically requires recomputing the full gradient VL, (7)) at every iteration ¢:
VLa(r®) = (1= a)Cy + anxny (DI (D 7 =70 D; ) = (D, 7 7Dy )D] ).
For the proposed objective function, the structural term involves matrix multiplications (e.g., D];—X (D@X a® — 7@ Dy, ),

which can be computationally intensive to recalculate from scratch.

However, we observe that the proposed objective function ﬁa(ﬂ) is quadratic with respect to the transport plan 7. Con-
sequently, the gradient mapping © — VL, () is affine. Another key observation is that the FW algorithm updates the
transport plan via a convex combination, i.e.,

70D = (1 —4)7® +4u®, where p® = argmin Tr(Vﬁa(ﬂ(t))Tu).
pel(Px By)

Thus, the gradient at the next iteration satisfies the linearity property:

VLo (n") = VL, (1= 7)7® +7p™) = (1 = 3) VLo (7)) 49, VLo (1),

—_——— ———

—Gt+1) =G®

Algorithm 2 exploits this property by maintaining the gradient matrix G ®) = Vﬁa(ﬂ'(t)) and performing a lazy update
using the gradient at the LMO solution V£, (1(*)). This approach allows for efficient in-place updates of the gradient matrix
without redundant matrix operations involving the dense coupling 7(*+1).

D.3. Computational Complexity

We compare the computational complexity of the two algorithms. Assuming each distance and feature evaluation is O(1),
both algorithms share the same initialization cost of O(n% + n} + nxny) to construct Cy, Dy, and Dy . By defining
Nmax = max{nx,ny }, the initialization cost scales as O(n2,,. ).
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Algorithm 2 Convex Distance Operator Transport Plan via FW and Optional LAP with Lazy Gradient Updates

1: Input: Source data {(X;, fa (X;))};, target data { (Y}, fy(Y;))};2,, fusion weight parameter 0 < a < 1, iteration

count 7', initial coupling 7(%)
Construct matrices:
[Crlij < [If2(X:) = fy(¥))]3
[Ds i < da (X4, Xyr) /nx
[Ds, 1j7 < dy(Y;, Y ) /ny
Calculate the initial gradient V£, (7(%)
GO VL, (n(©)
fort=0to7T — 1do
p — arg min, e by Tr((G(t))Tu)
7D (1 — 3)7® 4 ~v,u® for some 0 < v, < 1
ift <T — 2 then
Calculate the directional component (lazy term) V£ (p())
G (1 —4)G® + 4, VL, (M)
end if
: end for
7l
. Optional (LAP): P + arg maxpcp Tr(P ' 7)
: Return: 7 (and optionally P)

WHOedD: R

— = = = =
AN

T)

—_ =
~N O

—_
(o]

Both Algorithm 1 (line 8) and Algorithm 2 (line 9) require solving the same linear minimization problem over the transport
polytope at each iteration. This subproblem is an optimal transport problem and its complexity depends on the chosen solver.
For example, using an exact network-simplex solver (e.g., emd from (Flamary et al., 2021)) incurs a worst-case complexity
O(n3 ... Since this step is identical for both methods, it dictates the worst-case bound for the entire procedure O(Tn3 .. ).

max max

The advantage of Algorithm 2 becomes evident in the gradient computation step.

e Standard FW (Algorithm 1): Computing the gradient in line 7 requires dense matrix multiplications involving the
current coupling 7 (e.g., D]@X’/T(t)). Since () is generally dense, these operations incur a complexity of O(n3,, ).

* Lazy FW (Algorithm 2): Instead of recomputing the gradient from the dense 7(*), the algorithm computes lazy
terms involving the LMO solution £(*) in line 12 (e.g., Dy p®). Since ;1 is a vertex of the transport polytope, it is
extremely sparse with at most nx + ny — 1 non-zero entries. Consequently, these matrix products involve only sparse
operations, reducing the cost to O(nx (nx + ny) + ny (nx + ny)) = O((nx + ny)?), which scales as O(n2,,,).
The gradient matrix G*) is then updated via a simple linear combination (line 13), which is also O(n2,, ).

In summary, while the solver complexity makes the asymptotic bound equal, the lazy algorithm reduces the gradient update
cost from cubic O(n3 ) to quadratic O(n2 ). In practice, where dense matrix multiplication has a large constant factor,
this reduction leads to significant improvements in total runtime.

E. Useful Lemmas

This section presents useful lemmas to prove our theoretical results. We begin by reviewing the disintegration theorem,
which provides the theoretical basis for decomposing joint couplings into conditional probability measures (Markov kernels).
Subsequently, we summarize fundamental results in optimal transport theory, covering the existence of optimal couplings,
Kantorovich duality, and specific characterizations for semi-discrete transport problems and the Wasserstein-1 distance.
Finally, we introduce essential concepts regarding the weak topology of measures and the weak operator topology (WOT),
which are requisite for establishing the topological properties of our proposed framework.
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E.1. Disintegration Theorem

Lemma E.1 (Disintegration theorem). Ler (X, u) and (Y,v) be Polish probability spaces, where p and v are Borel
probability measures. Then, for each joint coupling © € TI(u,v), there exists a p-a.e. uniquely determined family of
probability measures {m, }.cx on Y such that

* for every Borel-measurable set B C Y, the function x — 7, (B) is Borel-measurable;

o for every Borel-measurable function f : X x )Y — [0, o],
| tewrtnd) = [ [ jepmdnds),
XXy xJYy

The disintegration theorem rigorously establishes the existence of a regular conditional distribution under the topological
assumption that the underlying spaces are Polish. The family {7, }.cx satisfies the definition of a Markov kernel from X to
V. We will interpret 7, as the conditional distribution of y given x, and adopt the notation 7(dy | x) := 7, (dy).

E.2. Optimal Transport
E.2.1. EXISTENCE AND KANTOROVICH DUALITY

Lemma E.2 (Existence of an optimal coupling). Let (X, u) and (), v) be two Polish probability spaces with Borel
probability measures pand v. Let a : X — RU {—o0} and b : Y — RU {—o0} be two upper semicontinuous functions
such thata € LY (X, ) and b € L*(Y,v). Letc : X x Y — RU {+00} be a lower semicontinuous cost function, such that
c(z,y) > a(x) + b(y) for all x,y. Then there exists an optimal coupling 7 € I1(p, v) such that

/Xxyc(x,y)ﬂ*(dx,dy): inf (/Xxyc(x,y)ﬂ(dx,dy)> = C(u,v).

€I (p,v)

Proof. The details can be found in Theorem 4.1 of Villani (2008). ]

Definition E.3 (c-convexity in Definition 5.2 of Villani (2008)). Let X', ) be sets, and ¢ : X’ x ) — (—00, +00]. A function
P X = RU {400} is said to be c-convex if it is not identically +oo and there exists ¢ : Y — R U {%o00} such that

Ve e, (@) =sup(C(y) - clw,y))-

ye

Then, its c-transform is the function )¢ defined by
Yyed, ¥y) = inf (¥(z) +c(z,y)).

Lemma E.4 (Kantorovich duality). Let (X, u) and (), v) be two Polish probability spaces with Borel probability measures
pwandv. Let ¢ : X x )Y — R be a real-valued lower semicontinuous cost function, such that

V(z,y) € X x Y, c(x,y) > a(z) + b(y)
for some real-valued upper semicontinuous functions a € L* (X, ) and b € L*(Y,v). Then, the following duality holds:

Clun = s J et [ Vo) (de) .

eL ()

If it is further assumed that the optimal cost C(u, v) is finite and the cost ¢ has a pointwise upper bound, i.e.,
c(z,y) < cxla) +eyly),  (ca,ey) € L (n) x L'(v),

the dual problem has solutions. Moreover, m € I1(p, v) is optimal if and only if there is a c-convex 1 such that

V(y) — Y(x) = e(x,y), form-almost every (x,y).

Proof. The details can be found in Theorem 5.10 of Villani (2008). ]
The Kantorovich duality transforms the primal minimization problem over the space of probability measures into a dual
maximization problem. The optimality condition 1¢(y) — ¥ (x) = ¢(z, y) enables the characterization of the closed form of

optimal transport plans in the semi-discrete problem.
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E.3. Semi-Discrete Optimal Transport

Lemma E.5 (Laguerre lemma). Let (X,dx) be a compact metric space, Px be a Borel probability measure on X that
satisfies Assumptions 5.2 and 5.3, and Px be the empirical probability measure of Px supported on n fixed distinct data
points, i.e.,

Px = %Zéxi.
i=1

Let X == {Xy,.... X, } C X. Then (X,Px) is clearly a Polish probability space. Let (7*,1*) be primal and dual optimal
solutions for the semi-discrete problem:

min (/ d;((x,iz)ﬂ(dx,dit)) =  max </ Y3 (2)Px (dx) — ,Zw )
mell(Px Px) \JaxX YpeLl (X Px)

where the dx-transform is taken as 1% (x) = min; < j<p, (dx (x, X;) + ¥(X;)). Note that all elements in L' (X, Px) can
be identified with n-dimensional real-valued vectors.

For eachi = 1, ..., n, define the Laguerre-like cell V; by
Vi=Az € X dx(z, Xi) + " (X5) < dx(w, X5) + 97 (X;), Vit U{Xi}.

Then {V;}7, forms a Px-a.e. partition of X, satisfies Px (V;) = 1/n for all i, and

n

Z lv,®dx,, Pxlv,(dz) =1Ly, (z)Px(d),

=1

where Ly, is the indicator function of V;.
Proof. Denote by 15 = 1)*(X;). Then, we have the following:

()™ (@) = min (dx(z,X;) + 7).

1<5<

Now define, for each: =1, ...,n,
Vi={zeX dx(z,X;) + ¢} <dx(z,X;)+1], Vj}.

By the no-ties assumption (Assumption 5.3), the sets {V} * , form a Px-a.e. partition of X, and moreover for Px-a.e. x
there exists a unique index () such that x € Vl(x)

Let 7* € II(Px,Px) be a primal optimal plan. Since the second marginal of 7* is supported on the finite set { X1, ..., X,,},
there exist Borel-measurable functions p; : X — [0, 1] such that

Zpl(x) =1 forPx-ae.z,
and the disintegration of 7* with respect to the first marginal Px takes the form

*(dzx, dz) Zpl ) 0x,(dz) Px (dx).
\—/_./

=7*(dz|x)
We next use complementary slackness. By the Kantorovich duality lemma, the following holds:
(p*)¥* (z) — () = dy(x,2), forn*-ae. (z,1).
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In particular, for each i and for Px-a.e.  such that p;(x) > 0, we must have
()™ () — ¥ (X3) = d(z, X5).
Equivalently,
(@)% (2) = dx(z, X) + 7.
But we already have

(") (@) = min (dx(z, X;) +7),

1<j<n
so the equality implies that ¢ attains the minimum, i.e.,
pi(x) >0 = =x¢€ V; forPx-ae. x.

By the no-ties assumption (Assumption 5.3), the minimizer is unique for Px-a.e. z, hence for Px-a.e. = there exists a
unique index i(x) such that

and necessarily x € ‘71'(1)- Therefore,

7 (dx, di) = Z Iy, (v) Px (dz) 6, (di) = Z Px |y, (dz) dx, (d).

Now we prove the mass constraint Px (V;) = 1/n. Since the second marginal of 7* is P, we have for each i,
1 - . s -
—=Px({Xi}) = 7 (X 3 {Xi}) = 7" (Vi x {Xi}) = Px (V).

Finally, define

Since Px is non-atomic, Px ({X;}) = 0, hence Px(V;) = P x (Vi) = 1/n. Moreover, the representation of 7* remains
valid when V; is replaced by V;, because Px |y, and Px L(/i are equivalent as they differ only on a P x-null set. Therefore,
the proof completes. O

Lemma E.5 characterizes the optimal plan via a partition of A" into n Laguerre cells V;. Unlike standard Voronoi tessellations,
V; incorporates the optimal dual potential ¢)* (X;) as an additive weight. Optimality ensures these weights adjust the cell
boundaries to be perfectly balanced, capturing exactly 1/n of the mass Px per cell.

Figure 5 illustrates the geometric intuition of this result. Here, the generator points and their associated polygonal regions
correspond to the samples X; and the Laguerre cells V;, respectively. Note that the figure depicts standard Voronoi cells
for brevity, which corresponds to the simplified assumption of constant dual potentials (i.e., ¥*(X;) = ¢). As n increases
from 100 to 1000, the spatial extent of each cell shrinks significantly (mass 10~2 — 10~3). Since the optimal coupling @ x
maps the entire region V; to a single point X;, this shrinkage forces the conditional measure Q x (+|2) to concentrate tightly
around the identity mapping « = Z. Consequently, the probability mass accumulates along the diagonal, asymptotically
eliminating the blurring effect.

Formalizing this via Markov’s inequality on the W -optimal coupling Qx € TI(Px, Px), we have

< Wi (Px,Px)

Px x)~qx (dX(X,X) > 5) < -

Therefore, provided that the empirical measures converge in the Wasserstein-1 metric, the blurring effect introduced by
lifting 7 to the continuous space II(Px, Py ) vanishes asymptotically as the sample size n increases.
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(a) n = 100 samples. (b) n = 1000 samples.

Figure 5. Voronoi tessellations generated from samples drawn from the uniform distribution U ([0, 1]?).

E.3.1. DUAL FORM OF THE WASSERSTEIN-1 DISTANCE

Definition E.6 (Wasserstein-p distance). Let (S, ds) be a compact metric space. For Borel probability measures 4 and v on
S, the Wasserstein-p distance (1 < p < 00) is

1/p
Wlﬁls(u,y) = < min / ds(z,y)? ﬂ(dx,dy)) .
SxS§

m€(p,v)

We recall the definition of the Wasserstein-p distance from the main text. Since d’s is continuous and S is compact, the
infimum is always attained by Lemma E.2.

Lemma E.7 (Kantorovich-Rubinstein formula). Let (X, dx) be a compact metric space. Then, for any two Borel probability
measures [,V on X,

W (1,) = wp(/ww—/ww)
HwHLipfl X X

where || - ||Lip is defined by

[¥() = ()|
||1/)HL1P 217162 dx(l’,y) :
Lemma E.7 provides a crucial simplification of Lemma E.4 when the cost function is a metric d . In this case, the complex
constraint involving the c-transform is relaxed into a global 1-Lipschitz constraint. This duality plays a pivotal role in the
proof of Theorem 5.6. By establishing that the feature cost function cy is Lipschitz continuous (Assumption 5.4), we invoke
this lemma to directly upper-bound the difference in expected costs by the Wasserstein-1 distance between the empirical and
population couplings.

E.4. Weak Topology

In this subsection, we introduce the fundamental concepts of weak topology and the weak operator topology (WOT). These
topological structures are essential for establishing the lower semicontinuity of the proposed CDOT objective and the
pseudometric property of the CDOT discrepancy.
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E.4.1. WEAK TOPOLOGY

Definition E.8 (Weak topology). Let (S, B(S)) be a Polish space and P(S) be the set of all Borel probability measures on
(S8,B(S)). For any f € Cy,(S), consider the functional

b7 P(S) > R, %Wzéﬂwwﬂ

Let F = {¢; : f € Ct(S)}. The weak topology on P(S) is defined as the coarsest topology making every functional in F
continuous. Consequently, a net (1., ) converges weakly to y if and only if

/j@ww@e/ﬂmmm Vi € ().
S S

We write j1 — 1 if (p1o) converges weakly to .

Since the underlying space S is Polish, the space P(S) equipped with the weak topology is also a Polish space (i.e.,
separable and completely metrizable). This topological structure allows us to utilize powerful convergence results, most
notably Prokhorov’s theorem, which states that a subset of probability measures is relatively compact if and only if it is tight.

This property is particularly important when analyzing couplings. Let X and ) be Polish spaces and consider II(u, v) for
two fixed Borel probability measures p € P(X) and v € P()). Since X and ) are Polish, the measures x and v are tight
by Ulam’s theorem. Consequently, the collection IT(u, v/) is tight in P(X x )’) because a set of measures on a product space
is tight if and only if its marginals are tight. Furthermore, since the constraint of having fixed marginals is closed under weak
convergence, I1(u, v) is a closed subset of a compact set. Therefore, IT(1, v) is compact in the weak topology.

E.4.2. WEAK OPERATOR TOPOLOGY

Now we introduce the weak operator topology. Unless stated otherwise, we assume all Hilbert spaces to be real and separable.

Definition E.9 (Weak operator topology). Let H x and Hy be Hilbert spaces, and let B(H x, Hy ) denote the set of bounded
linear operators from H x to Hy. For x € Hx and y € Hy, define the linear functional

(rbz,y : B(HX; HY) - ]Ra (bz,y(T) = <TSC, y>HY'

Let F = {¢sy : © € Hx,y € Hy }. The weak operator topology (WOT) on B(H x,Hy ) is the coarsest topology making
every functional in F continuous. Equivalently, a net (7, ) converges to T in WOT if and only if

<T&xay>HY - <T:E7y>?'ly7 Vo € Hny €Hy.

The WOT plays a role analogous to the weak topology of measures but in the context of linear operators. In infinite-
dimensional Hilbert spaces, the closed unit ball is not compact in the operator norm topology (a result known as Riesz’s
lemma). However, the unit ball is compact in the WOT (a consequence of the Banach-Alaoglu theorem). This compactness is
pivotal for our analysis: it ensures that any uniformly bounded sequence of operators—such as the conditional expectations
{T, } induced by a sequence of couplings—possesses a convergent subsequence in WOT. This property allows us to define
limits for operators even when they do not converge in the stronger norm topology.

E.5. Lower Semicontiuity

This subsection establishes the lower semicontinuity properties required to guarantee the existence of an optimal solution to
the CDOT problem. We recall the definition of lower semicontinuity and the generalized Weierstrass theorem, and show that
the squared Hilbert-Schmidt (HS) norm is lower semicontinuous with respect to the weak operator topology.

Definition E.10 (Lower semicontinuity). Let (X', 7) be a topological space. A function f : X — R U {£o00} is said to be
lower semicontinuous at xy € X if for every net (24 )qca in X such that z, — o w.r.t. 7,

flzo) < limainf f(zs), where limainf flxg) = sup inf f(z,).

ag€EA arap

We say that f is lower semicontinuous if it is lower semicontinuous at every xg € X.

20



Convex Distance Operator Transport

Lemma E.11 (Generalized Weierstrass theorem). Let X' be a topological space and K C X be a nonempty compact
set. If f : K — R is a lower semicontinuous function, then f is bounded below and there exists x* € K such that

f(a¥) =infzex f(2).
Proof. The proof can be found in Theorem 2.43 of Aliprantis & Border (2006). O

This theorem generalizes the classical Weierstrass extreme value theorem (which requires continuity) to lower semicontinuous
functions. It serves as the primary tool for establishing the existence of optimal solutions in variational problems. Since we
have already established that the set of couplings IT(1, v) is compact in the weak topology, proving the lower semicontinuity
of our loss function is sufficient to guarantee the existence of an optimal transport plan.

Lemma E.12. Let Hx and Hy be Hilbert spaces. Denote by HS(Hx,Hy) C B(Hx,Hy) the set of Hilbert-Schmidt
operators from Hx to Hy equipped with the weak operator topology. Then, || - ||} is lower semicontinuous in WOT: for
any sequence {T,,}>2 , C HS(H x, Hy ) that converges to T € HS(Hx, Hy ) in WOT, it holds that

Il < lim inf ||T, |fs.
n— oo

Proof. Let {e;}32; and {¢;}32; be orthonormal bases for Hx and Hy, respectively. By the definition of the Hilbert-
Schmidt norm, we express the norm of 7" as

ITlfs = D ITeillFe, = D D 1(Tei wmy
i=1 i=1 j=1
By the assumption that T, — T" in WOT, for any fixed basis vectors ¢; and ¢;, we have
Jim (Toei, p)uy = (Tei i)y = i [(Tnei, 95)uy | = [(Tei, @j)my |-
Therefore, by Fatou’s lemma,
IT s = Z (Tei, @)y |* < linfgiofolfz [(Tneir @5)a¢y [ = liminf |7, |
1,) 2,7

This concludes the proof. O

Lemma E.12 is useful to prove the lower semicontinuity of our structural regularization term, which in turn gurantees the
existence of an optimal solution for our CDOT problem.

F. Proofs

This section provides the proofs for our main theoretical results.

F.1. Derivation of Matrix Representations

We show that under the empirical measures Py = >, 6x,/n and Py = 2?21 dy, /n, the distance and conditional
expectation operators (Definitions 3.1 and 3.2) admit the following matrix representations:

[Dplij = 7@(()1;;, ), [Dg, lij = L(}Z ), [Txlij = nmij.
We rigorously derive the representation for the distance operator; the other results follow analogously.
Let X = {X1,...,X,} be the discrete support equipped with a metric dx and the uniform probability measure Px.
The function space L? (z’f’ P x ) is an n-dimensional Hilbert space isomorphic to the Euclidean space R™. Specifically, we
consider the canonical bijection ¢ : LZ()? P x) — R"™ defined by evaluation at the support points:

f(X1)
fesf=| : |ern

f(Xn)
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Since Dy  is a linear operator on a finite-dimensional space, it admits a unique matrix representation Dx € R™*"™ satisfying
¢(Dp f)=Dxf forall f.Foranyi € {1,...,n}, the i-th component of the transformed vector is given by the definition
of the operator:

(D, [)(X3) Z/ dx (X, ) f(2)Px (dz)

zeX
= ZdX(Xia X;)f(X5)Px ({X;1})
j=1
‘n dX(X“XJ)f(XJ)

n

j=1

On the other hand, from the definition of matrix-vector multiplication, the i-th component is:

n

(Dxf)i = Y [Dxli f(X;).

j=1

Since this equality holds for any arbitrary function f (and consequently any vector f), comparing the coefficients of f(X)
yields the desired entry-wise equality:

Ao (X5, X
Dy, = S ) . 1),

F.2. Hilbert-Schmidt Kernel Representation of R ()

In this subsection, we rigorously derive the interal representation of R(7) in (1). For g € L?()), Py ), observe that
(Db Trg)(w) = E|dx(z, X)E[g(Y) | X]| = /y L (2, 9)g(y) Py (dy),
(T+De 0)(2) = E[(Dey (V) | X =] = [ 0 By ()
Since dx and dy are bounded by 1, Dp, Ty — Tx Dp,. is a well-defined Hilbert-Schmidt operator with a kernel T'- (x, y):

wmn—n%maz//nmmWﬂmmwwSL
yJx

F.3. Proof for Theorem 3.4
Proof. The existence is straightforward by the generalized Weierstrass theorem and the following lemma:

LemmaF.1. Let £, (7; X,9)) be the CDOT objective as defined in Definition 3.3:

«
La(m:X,9) = (1= &) Ex [ fx(X) = fy(Y)|] +5 ||Dex Tr — Tx Doy |lis
=F(mX,9) =R(mX,)

Then, L (m;X,9Q)) is lower semicontinuous.
Proof. See Appendix F.7. O

To establish convexity, it suffices to show that
2
T = HDIP’XTTF - TWD]PY ||HS
is convex on II(Px, Py ), since the convexity of the first term is obvious.
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Let 7,7 € II(Px,Py) and ¢ € [0, 1], and define m; = t7; + (1 — ¢)7o. Since both 71 and 75 share the same marginals
Px and Py, the disintegration theorem ensures that we may choose versions of the disintegrations such that

m(-|x) =tm(|x)+ (1 —t)m(-|x) for Px-ae z e X.

That is, the conditional distribution of Y given X = x under 7, is the convex combination of the conditional distributions
under 71 and 72. Consequently, for any g € L?(Y, Py ),

(Tr,9)(2) = /g(y) m(dy | z) = t/g(y) mi(dy [ 2) + (1 —1¢) /g(y) ma(dy | x)
=t(Tr,9)(@) + (1 = 1) (Tr,9)(@),
which shows that T';, depends affinely on 7, i.e.,

Ty, =t T, + (1 —t) Ty,

Because Dp,, and Dp, are linear operators, it follows that
Dy Tr, = Tx,Dp, =1 (DIP’XTM - TmDIP’y) + (1 - t) (DIP’X T, — TfrleP’y)-

Denoting A; := Dp,Tr, — Tr,Dp,, (i = 1,2) and A; := DpTr, — Tr,Dp, , we have A; = tA; + (1 — t)As. Since
|| - |3 is clearly convex, we obtain

1Acllfis = ltAs + (1 = 1) Azllfis <t Arllfis + (1 = 1) [ A2lfs-
Therefore, m +— || Dpy, Tre — T Dp,, |3 is convex on II(Px, Py). O

F.4. Proof for Theorem 3.5

Proof. We need to prove the following properties: for any attributed compact mm spaces X, ), and 3,

(Non-negativity). déaT)(%,@) > 0.
(Identity). d'%)(x,%) = 0.
(Symmetry). d'59(X,2) = d52(D, ).
(Triangle inequality). d\)(%,3) < dSM (%, ) +d (D, 3).
(Non-negativity) & (Identity). The non-negativity and the identity are immediate from the definition.
(Symmetry). Let 7* € II(Px, Py ) be an optimal solution that minimizes £, (7; X,9)), i.e.,
A%, D) = La(r*: 2.9)"/2

Define a bijection ¢ : II(Px, Py ) — II(Py,Px) by

o(m)(Ax B)=n(B x A), YAcB(Y), VB € B(X).

It suffices to show that for any = € II(Px, Py ), Lo(m;X,2) = La((7); Y, X). To show this, we prove

F(mX,9) = Fle(n); D, X), R(mX,Y) =R(p(r); Y, X).

The first claim is clear by the symmetry of the Euclidean norm. For the second claim, we note that the adjoint operator
Tr : L*(X,Px) — L?>(Y,Py) is defined by (T f)(y) = Ex[f(X) | Y = y] for each f € L*(X,Px). In particular,
T = TW(W) holds. Thus,

R(m;X,9) = || Doy Tre — TrDpy fis = |(Dex Tr = TxDe, )" s = 1Dy Ty — Tp(m) Dex llfrs = R{0(7); D, X).
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Since ¢ is a bijection between II(Px, Py ) and II(Py, Px), the identity L, (m; X,92) = Lo (p(7); D, X) implies that the
two minima coincide. More precisely, one can derive a contradiction by assuming that there exists p € II(Py, Px ) such
that Lo (11:2), %) < La(o(7%);2), X). Therefore, taking the square roots yield %) (%,9)) = d\$2(2), X).

(Triangle inequality). Let 7xy € II(Px,Py) and 7y z € II(Py,P2) be optimal couplings for déaT)(.’{, 9)) and dgaT)(@, 3),
respectively. Let mxy (dy | ) and 7y z(dz | y) be the Markov kernels of 7 xy and 7y z, respectively. By the disintegration
theorem, we can construct a joint coupling v € II(Px, Py, Pz) such that

v(dz, dy,dz) = Px (dv) mxy(dy | ©) 7y z(dz | y).

Now, denote by 7x 7 the (X, Z)-marginal of ~, i.e.,

mxz(dz, dz) = /

+(da, dy, dz) = Px (dz) / ry2(dz | y)mxy(dy | 2).
yeY

yey

=nxz(dz|z)

@)

According to Definition 3.3, dEJT(x, 9)) is bounded above by the L2-norm of a vector in R:

o VI—aF(rxz:X,3)"?
ey < (Vg m s T

2

For the constructed coupling mx 7, we apply a triangle-type bound for each component. Under the glued coupling v €
II(Px,Py,Pz) constructed above, the marginals of (X,Y), (Y, Z), and (X, Z) are 7xy, 7y z, and 7 z, respectively.
Using fx(X) — fz(Z) = (fx(X) — fy(Y)) + (fy(Y) — fz(Z)) and Minkowski’s inequality in L?(7y), we obtain

Flrxz:%,3)Y2 < Flrxy; ,9)Y2 + Fry 2;9,3)Y2

We show the similar inequality for R(wxz; X, 3) by leveraging two properties of the conditional expectation operator: (i)
the contraction property ||T ||op < 1, and (ii) the composition property Ty, , = Ty, o Tr, ,. In fact, the contraction
property can be readily shown by using the Jensen inequality: for an arbitrary g € L?(), Py),

ITeglZe@y) = /EX (Exlg(Y) | X = 2])* Px(dz) < /GX Ex[g(Y)? | X = 2]Px (dz) = Ee, [9(Y)?] = llglZ2(p, -

In addition, to show the composition property, let b € L?(Z,P) be arbitrary. Then observe the following:

(T Ty s ) (1) = / N (/ ey 2lds) ) mxdy | )

= /Zh(z)wxz(dz | z)
= (Try h)(x), VreX.

Using these properties, we obtain

R(rxz;X,3)"? = |Dpy Try, — Trx, De, s
= ||Dpx Trxy Tryy — Tuxy Tny, Dpyllus (.- composition property)
=[[(DexTrxy = Trxy Dy )Ty 2 + Trxey (Dpy Ty, — Ty 2 D) llas
< |1Dex Trxy = Trxy Doy lusTry 2 lop + [ Trxy llop 1 Dpy Try ;. — Ty, Dby llus
< R(mxy; %,9)Y2 + R(ny2;9,3)/2 (. contraction property).
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Finally, applying Minkowski’s inequality to the vector representation yields:

déaT)(.'{,S) < ((1 —a)F(rxz;X,3) + gR(WXZ; %,3))1/2
« 1/2
< ((1 — a)(}'(ﬂxy,% 58)1/2 + Flryz; 9, 3)1/2) g(R(ﬂ'XY,:{ @)1/2 + R(ry 29D, 3)1/2) )

+

« 1/2 1/2
S ((1 — Oz)]:(ﬂxy;x,fy) + 572(7‘()(}/;%,2) ) + ( 1—0& Wyz,@ 3) + R(ﬂ'yz,fy 3))
= & (%,9) + dEND. 3).

The first inequality holds from the definition of minimum; the second one is obtained by applying the triangle-type bounds
for F'/2 and R'/?; the third is the direct result of Minkowski’s inequality (or triangle inequality, equivalently):

la+bll2 = ((ar +b1)* + (a2 +b2)*)"/2 < (af +a3)'/2 + (6] + 05)"/? = Jall2 + |[b]l2.

This concludes the proof. O

F.5. Proof for Theorem 3.7

Proof. First, recall the definitions of R(7) and Raw 2(7): for an arbitrary = € II(Px, Py ),

o= [ ([ e - [ dy<y,y'm<dy/>)2 (Bx @ By ) (dr, dy),

Raw () :/ / |dX(x,m) dy(y,y | m(da’, dy')w(dx, dy).
(z,y)exxY J( YEX XY

By the symmetry of metrics dx and dy, Raw,2 can be equivalently represented as
2
Raw,2(m) = / / ’dx(x,x') —dy(y', y)‘ n(dz’, dy)w(dz, dy")
(z,y")€X XY J (2! ,y)EX XY

yey JxeX Jy' ey Ja'eX
B / </ ’d;((ac,x’) —dy(y/, y)‘Q(wy ® m)(dm’,dj)) (Px @ Py)(dz,dy),
(z,9)€EXXY (z',y")EX XY

where the second and third equalities follow from the disintegration theorem and Fubini’s theorem.

Now, let pi; == 7y ® 7. Then, by the definition of expectation,

2
,u.a‘y UdX(‘T X) dy(y7y)|2] :/ |dX(I7I/) - dy(y,y/)‘ /Lm,y(dzlady/)v
(', y")eX XY

(B linte. ) = dye)) = ([ arteatymta) = [ dy<y,y'm<dy'>)2.

Thus, considering the basic fact E[Z?] — (E[Z])? = Var[Z],

Eu.,, [ldv (e, X) ~ dy(w. V)] - (B, (. X) —dy(y.Y)]) = Var,,, [dx (2. X) — dy(y, V)]
Moreover, since X and Y are independent in pi, 4,
Var,, [dx(z,X) —dy(y,Y)] = Varg [dx(z, X)] + Varg, [dy(y,Y)].
Therefore, the proof completes. O
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F.6. Proof for Theorem 5.6

Proof. First, let m;, € argmin_ e ) Lo(m:%,9), and let 7 € arg MiN;crpy py) Lol X,2)) be an optimal
coupling that satisfies Assumption 5.5. Then, it follows that

Lo(Py (7)) — La(m™)

< |Lal@a(@) = inf Lo(@u(m)|+| inf  Lo(@a(r)) - Lalr)
Tell(Px ,Py) Tell(Px ,Py)
< |£a(@n() = La(®)| + |[£a(R) = La(m})
+ ﬁa(ﬂ';) - inf Ea(q)n(ﬁ))‘ + inf  Lo(Pn(m)) = Lalr7)
WEH(Px,IPy) WEH(]PX,PY)
<|Lo(R) = La(mi)| +2  sup Lo(n) — La(‘bn(ﬂ'))‘ + inf = Lo(Pp(m)) — La(m¥)
rel(Px Py) rell(Px,Py)

= E1 +E2+E3

Step 1: Bound for Fj.

We first provide the bound for E;, which is the optimization error.

Lemma F.2. Let {W(t) :t > 0} be the sequence of iterates generated by Algorithm I with

2
Ry
for each t. Then, for anyt > 1,
4 A . 8 Nmin 2
La(mD) = La(m) < =5 (1Dg llop + 1Dz, llon)
Proof. See Appendix E.8. O
Lemma F.2 is a standard result for the convergence of the FW algorithm. Considering that || - ||op < || - ||oc and that the
distance operators are symmetric,
nx
||D]13>X||0p < m?XZ[D]@X]ij <1 ||D[§>Y||0p <1
j=1

This gives that

2
(1D llop + 103, llop ) < 4.

Thus,
32a Mmin
By < 22 Tmin 4
LS T+3 @
Step 2: Bound for Fs.
We now look into Es. Let 7 € II(Px, Py-) be arbitrary. Note that ®,, () can be represented as the following form:
nx ny
D, () (d, dy) = /( ey Qx| 2) Quay | ) i d5) = 32 miQx(de | X)Qr(ay | X))
Z,9)EXXY i=1j=1
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Precisely, we may define the Markov kernels Qy (dy | §) and Q x (dz | &) by using the Laguerre lemma E.5:

Qx(dz | &) =nx > Px|v,(dv)l{x,;(2), Qv(dy|D) —nyZ]P’y 3 (dy)iy;y (9), (6)
=1 Jj=1

where V; and W; are the i-th and the j-th Laguerre cells defined for @ x and Qy, respectively. In fact, ®,, is the marginal of
a coupling ¢ € II(Px, Px, Py, Py) defined by

§(dx, d, dg, dy) == Qy (dy | §) Qx(dz | 2) 7(di,dy).

]@y*)]?y @X"]PX
In addition, plugging (6) into (5) yields that

nx mny nx ny

( )(d:c|y —leZZﬂ'wQX d:c|X HW —nyZZ’/TUHW (nx]}bxtvl(dx)) (7)
i=1 j=1 =1 j=1
nx ny nx ny

D, (m)(dy | x) —nszﬂ'UQy dy | Y;)Iy, (z —nXZZmJHW (nyPyij(dy)). (8)
=1 j=1 =1 j=1

For brevity, let ¢y (2, y) = || fx(z) — fy(y)||3. Then,

(, )—Cf(:v’,y’)\

(fx (@) = fy@ll2 + 12 () = Sy @) lfx (@) = Sy @)z = 12 (@) = fy)]l2]
2(|lfx(x) = fa (@2 + Iy (W) = f&)ll2)

2Ly (dx(x, fEde(y,y’))-

INIAIA 5

The last inequality uses Assumption 5.4 and the fact that diam(M) = 1. Note that this confirms that c; is a bounded and
2L ¢-Lipschitz function with respect to the metric

de((2,y), (¢,y")) = dx(z,2') + dy(y.y).

Thus, by the duality formula of the Wasserstein-1 distance (Lemma E.7),

d
E (% 5y (07 (X, V)] = Byt (m 67 (X, V]| < 2L WL (7, @ ().
Here Wld @ (r, @, (7)) can be decomposed as follows:

d . I -
W (x, @, (r)) = £ E e [d X, X)+d Y,Y}
12, @ () HGH(:TI}@H(TF)) (X Y),(X,Y)~p x( )+ dy( )

SEx xvy)ee [dX(X7X) + dy(Y, Y)}
=Ex tpmax |25 D)] +E 5y g, [0V 7))
= Wi (Px,Px) + W (Py,By). o

The second inequality follows from the definition of infimum; the last equality holds since ) x and @)y are the optimal
couplings that minimize W% (Py, Py ) and W™ (Py, Py ), respectively.
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We now analyze the structural regularization term:

|1D5, T = T2 Dg, lIfs = 1Dz T, () = Ty Dy s

[ oo BBy () - /y /X rmxx,y)QPX(dey(dy)‘

Lo, () (@ ,y>2>ﬁbx<dx>@y<dy>\

=:(A)
+‘ /y / r%(ﬂ)(x,y>2<Px<dx>ﬂ3>y<dy>Px<dx>Py<dy>>].

=:(B)

Considering that |T';| < 1, (A) is bounded above by
4y <2 / [ IPa(e.9) = T oy .0 Bx ()P )

Z|F ) = Ta, (n(Xi,Y))|

nxny
2
< W (X;,;) -1V XZ,Y’ X, V) -T® (X,Y
< ooy 2o U065 = T ()| 2 S 06 ) = ) (6T
Here T'" (X;,Y;) and Fg)( )(XZ-, Y;) are well-defined as
nx
r'V(x;,v;) —nYZTri'jdX(XiaXi’)»
i'=1
W .
T (X0, Y;) = /EXdX(XZ-,x)fI)n(d:v Y;) :nyzmlj/ev dx(X,2) (nxPx (do)),
T i'=1 T il

where ®,,(dx | Y;) is as defined in (7). A similar technique also ensures the well-definedness of F&Z)(Xi,Yj) and
5 (X, ;). Then,

Px (X3, Y)) = T, () (X3, V7))
< nxnyZm]/ |dx (Xs, ) — dx (X5, Xor )| Px (d)
=1 IEV/
T nxny wa / Ay (¥;,y) — dy (¥, Y;)| Py (dy).
GW/

Finally, we get

<QZ7T”/ |dx (X;,2) — da (X;, Xir)| Px (dx) + 22%/ |dy (Y; dy(Y;,Y;)

z]z/ 7,5

Z/ |d)c' Xl)x dX(Xl,X ) Z/ ‘dy (}/J’}/Jl)

3,3’

322/ dx<x,Xi/>Px<dz>+2Z/ dy(y, V) Py (dy)
ir=1" Vi jr=1"Wy

= 2(W1dX (Px,]fpx) + Wldy(Py,]ny)).

(dy)

(dy)

28



Convex Distance Operator Transport

We now move onto (B):

(B) <

Lo, (r)(2,y)* Py (dy) | (Px — Px)(dz)
L )
/ ([ o (?Px(an) v —Py><dy>\.

Similarly, it suffices to derive the bound the first term by the symmetry. Let

_|_

2(z) = /y Lo (ny(2,9)*Py (dy).
Then, it follows that

J ([ oo nr@n) @x - x| = [, b)) - Exry b0

/ ((#) — 7(2))Qx (d, di)
XXX

< [ (@) ~1(@)| Qx(ds.da).
XXX
By the fact that I’y ()| < 1, we have

(&) = ()] < 2 /y Do) () — T oy (2, 9) | By (dy).
Moreover,

/y ‘F<I>n(7r) (-ri‘v y) - F'i)n(ﬂ') (.’I?, y)‘ PY (dy)

< 1 E / ldx(2,2") — dx(z,2")|®, (7)(dz" | Y;)
ny j=1 z'eXx
L Y : / / A : , ’
+—=> dy(Y;,y ) @u(m)(dy' | 3) = | dy(Ys,y)@u(dy | )|
ny j=1 y' ey Yy EY

For (z, %) ~ Qx, we have & = X; and x € V; for some ¢ with probability 1, meaning that both = and & belong to the same
cell V;. We recall the form of @, (7)(dy | =) in (8):

nx ny

O (m)(dy | 2) =nx > > milv,(x) (WPY Lw; (dy))-

i=1 j=1

As aresult, ,,(- | z) depends on z only through the indicator Iy, (x). Since Iy, (z) = Iy, (&) = 1, the second term in the
above upper bound vanishes. In addition, the first term is bounded by d (&, x) by the triangle inequality. This yields that

[ @ - 1@lQx(edi) <2 [ du(o.0)@x (dr.di) = 20 (P B,
XXX XXX

Thus,
(B) < 2 (Wi (Px, Bx) + Wi (Py, By) ),
which concludes that

By < A(Lj +2) (Wi (P, Px) + Wi (Py, Py)). (10)
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Step 3: Bound for Fs.

To bound Ej3, let Qx € H(]P’X,]fl’x) and Qy € H(]P’y,ﬁ”y) be optimal couplings attaining Wld" (]IDX,PX) and
W% (Py, Py), respectively. Define ¥, : II(Px, Py ) — II(Py,Py) by

U, (0)(d,dj) = e Qx(di | ) Qy(dy | y) o(dx,dy), o € I(Px,Py).

Since @n(H(I@)X, Py)) C II(Px, Py), we may define
7= @, (U, (7)) € I(Px,Py),
and thus
0< E3 < Ly(1)— Lo(n") = |£a(7) — Ea(w*)].
Analogously to (9), for any 7 € II(Px, Py ) we have
Exles (X, Y)] = Ea, o, s (X, V)| < 4L (Wi (Px, Bx) + Wi (By, By) )
and in particular this holds for 7 = 7*. For the structural regularization term, using (1) and |T';| < 1, we obtain
‘HDPXT'IT* - Tﬂ'*D]P’Y ”%{S - HDPXTT - TTDPY ”%{S‘
< / / T (2,y)> = Tr(2,9)°| Px (dz) Py (dy)
yJx
<2 [ [ [P (.9) = Trlo,)] P (do) Pr(d) (11
yJx
We bound the integrand by splitting I' = T'") — '®): for Px @ Py-a.e. (z,y),
Dae (@) = Tr(2,9)| < |50 (@) = T (@, 9)] + T2 () = TP (2, 9)-

We only bound the I'™)-part; the I'?)-part follows by symmetry.

To bound ]F 1) x,y) — (1)(1‘ y)|, we introduce an intermediate term by cell-averaging F(l)( 3 along the Laguerre
partition induced by the W3 -optimal coupling )y . By the Laguerre lemma, we may choose a partition {W Y, such that

y(dg | y) = le )oy,(dj)  (Py-ae.y), Py(W;)=—.

Define

ny

10 (2,y) =3 1w, () (Py(le) /W‘ T (2, u) Py (du)) = ZlW ) (n /W T (2, u) Py (du) ).

J=1 i

(D) Oscillation induced by Q)y. Recall that Qy € II(Py, ]f”y) is an optimal coupling for Wld Y

Then, for Py-a.e. y € W}, using Assumption 5.5, we have

T (@, y) — T (2, y)| =

FS*) (z,y) — ny/ FSTI*) (z,u) ]P’y(du)‘
W;

<ny / 10 (2, ) — 1Y (2, u) | Py (du)

J

< LW ny / dy (y, u) IPY (du)

W;
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Integrating over (z,y) ~ Px ® Py and summing over the cells yields
1 1 S
[t - T )| Py @ Py )z dy) < Ly > / f, m / dy (y, ) Py (du) Py (dy) Px(d)
XxY

=Lwny Z / Py (dy)]Py (du)

W; ><WJ
=2Lw E(Y,Y)NQY [dy(K Y)}
= 2Ly W (Py, Py). (12)

The third equality follows by rewriting the within-cell double integral as an expectation under the coupling Qy , using the
representation

v (dy, df) = ZPY (dy) Sy, (dg),

together with the inequality
dy(y,u) <dy(y,Y;) +dy(Yj,u),  y,ucW;

(IT) Bias induced by () x inside each ;. Recall that Qx € II(Px, Px ) is an optimal coupling for W ¥ . Similarly, a
Markov kernel Q x (dz | x) can be chosen as:

x(dz | x) ZI[V )ox, (dZ).
Define the composed Markov kernel
Kx(da' | x) ::/ Qx(dx' | ) Qx(dE | x).
eX

Let 7 := @, (¥, (7*)). For each j, define the normalized X -marginals on the strip X' x W;:

w;’x (dz) = ny 7*(dz, W;), 7 (dx) = ny 7(dz, W;).

Then for any Borel set A C X,
X (A) = ny 7(A x W;)

J
— ny / Qx(A | £)Qy (W, | ), (x")(di, df)
(2,9)eX XY

nx ny

=ny Yy > Wn(m)({X:} x {YihQx(A | Xo)Qy (W; | Y)

=1 k=1

_nyzw DX x (1)) Qx(A ] X))

_nyiw (Vi x W;) Qx (A | X;) /KXA\:c) wr X (da),

i=1
where the last identity uses that Kx (- | ©) = Qx(- | X;) for € V; under the Laguerre representation of () x. Hence

X _ X
T = Kx.

Consequently, for Py-a.e. y € W3,
T4 (2, y) = / dy(w,u)my X (du), TV (x,y) = / dx(w,u) ;% (du).
x x
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Using |dx (2, u) — dx(z,v)] < dx(u,v) and the coupling 1, (du, dv) = wl;f’X(du) Kx(dv|u) € H(7r;’X, 7;¥), we obtain

T ) = T ) < [ dCuv)ny(dudo).
XXX

Integrating over (z,y) ~ Px ® Py and averaging over j yields
[ B2 - T 0)| (B By )(dindy) < Breyr [dr(X, X)),
XxY
where K xPx denotes the joint distribution K x (da’ | x)Px (dz). Construct a joint coupling v € II(Px, Px, Px) by

v(dz,dz,dr") == Qx (dz,d2)Qx (dz' | ) = Qx (d7 | x)Qx (dz | 2)Px (dx).

Then, for (X, X, X’) ~ v, the marginals of (X, X), (X, X’), and (X', X) are Qx (dz,d#), Kx (d2' | )Px(dz), and
Q@ x (da', dz), respectively. By applying the triangle inequality,

Erypy[da(X, X')] <E[dx (X, X)] + E,[dx (X, X')] = 2W{* (Px, Px). (13)
Combining (12) and (13), we conclude
/ IT® (2,y) — TO(,y)| (Bx @ Py)(dr, dy) < 2W™ (Px, Px) + Lw W By, By).
XxY
Consequently, we arrive at
Es <A(Ly +2Lw +2) (W{i" Py, Px) + W (Py,Py)) . (14)

Combining (4), (10), and (14), we obtain

N N 320 Npin . .
La(q)n(ﬂ')) - Ea(ﬂ' ) < Ti_i_g + 4(2Lf + 2LW + 4)(W{1X (HDXa PX) + Wldy (PYa ]P)Y))
This completes the proof. O
E.7. Proof for Lemma F.1

Proof. The first term is clearly continuous w.r.t. 7: since || fx (z) — fy(y)||3 € Cp(X x V), 7, = 7 implies

Ex, [I£2(0) - fy(V)IE] = [

X X

’ £ (@) = fy)3mn(dz, dy) — Ex [[l f2(X) = fy(YV)I3].

To show that R(7) is lower semicontinuous, we first show that = — T is continuous. Let {m,, }2° ; be a sequence that
weakly converges to some 7.

Note that C(X) C L*(X,Px) and C()) C L?(Y,Py) are both dense due to the compactness of X’ and V. In particular,
C(X) = Cp(X) and C(Y) = Cp(Y). Thus, for f € C(X) and g € C(Y),

<Tﬂ'ngvf>L2(]P’x) = /f(fl?)g(y)ﬂ'n(dl‘,dy) - /f(l?)g(y)ﬂ'(d.’l},dy) = <T‘n’ga.f>L2(]P’x)7 n — oo, 15)

which follows from the definition of weak convergence. Since the conditional expectation operators are contractions (i.e.,
| T, llop < 1 for all n), the sequence is uniformly bounded. By the density of continuous functions in L? and the uniform

boundedness of {7, }, (15) extends to all f € L?(X,Px)and g € L*(Y,Py). Thus, 7,, — « implies T, — T} in WOT,
which also entails

Dp, Ty, — Ty, Dp, — Dp Ty — TxDp,, in WOT.

Therefore, by Lemma E.12, we conclude that R(7) is lower semicontinuous. O
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F.8. Proof for Lemma F.2

Proof. First, we obtain the smoothness of ﬁa. Observe that DI@,X and DH}Y are symmetric. Hence, the gradient of Vﬁa (m)
can be calculated as
(anxny ) 'VLg(r) = D?PXT[' + wD]%,y — 2Dy 7D + const.,

where the constant does not depend on 7. Thus, the triangle inequality and the Cauchy-Schwarz inequality yield that
A . 2
(anxny)™!||VEa(m) = VLa(ms)| < (IDs llop + 1Dpy lop) " Im1 =l
Thus, we get
. R 2
HVLQ(WI) - VLQ(TQ)HF S A NMminMmax (HDpr ||0p + ||DI@’Y Hop) H7T1 - 7T2||Fa (16)

where nyin = min{nx, ny } and nyax = max{nx,ny }.

What remains is to show the convergence of the FW algorithm. Define

2
B = & NyminMmax (“D]IDX ||0P + HD@Y ||0p)

Let 7} € argmin, L, (), whose existence is guaranteed by the convexity. Then,

Lo(@tD) = Fo(x®) < Tr (V/ja(ﬂ(t))T(ﬂ(tJrl) _ 7r(t))> + §||7T(t+1) — 02,
= T (VEa(r®)T (1 — 7)) + a2
< e (VLa(xO)T (s — ) + 5+ — 20|
< e (£almy) = £alm®)) + D)aet) — 7).

The first inequality comes from (16); the third inequality is due to the definition of 1Y and the last inequality is from the
convexity of L.

Considering that
2 = E 2 < E = < !
ImlE = Ti5 > (HZ.IE}XWM) Tij = ITZ_IE}XMJ‘ S )

T . Nmax
3 9

1
7D = 7Ol =y = 7O < 20/ —.
max

Then, substituting v; = 2/(¢t 4 2), it follows that

we obtain

La(x) = La(m) < (1 =) (La(r®) = La(m)) + 2877

max
88 1
(t+2)? nmax

= 5 (Lald®) = Lalm)) +

By this inequality, for t = 0 (where 9 = 1), we have

Foalr®) = fo(ry <28 <31
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Therefore, using mathematical induction, we arrive at the convergence rate. Assuming Lo (7)) — Lo (7%) < 83/((t +
2)Nmax ) We obtain

) . t 8B 88 !
(t+1)y _ ) < . :
Lo(m ) — La(my,) < (t—|—2 t+2 + (t+2)2) Nmax

_86(75—1—1) 1
B <t+2)2 Mmax
(88 1
T t+3 Npmax

where the last inequality holds since (t + 1)(t +3) =2 + 4t + 3 < > + 4t + 4 = (t + 2)2. O

G. Experimental Details and Additional Results

This section provides supplementary details regarding the experimental setup and implementation specifics, the discussion
of which is postponed in the main text. We also present the formal mathematical definitions of the baseline algorithms and
evaluation metrics. Finally, we report comprehensive experimental results on both the synthetic 2D point clouds and the
OASIS-3 dataset, including a full comparison of Entropic FGW (EFGW) across varying regularization parameters.

G.1. Comparison Algorithms

EFGW introduces an entropic regularization term to the original FGW objective, promoting smoother transport plans and
enabling the use of Sinkhorn-based algorithms. Formally, for a regularization parameter ¢ > 0, the EFGW objective is
defined by:

Liraw,o(m) = (1 = @)Eqx [[| fx(X) = fy(YV)I5] + aBranr [[dx (X, X') — dy(Y,Y")[*] + & Dxp(r | Px @ Py).
where Dy, denotes the Kullback—Leibler (KL) divergence.

Let X1, ..., X, be distinct points in X, and Y7, ..., Y,,, be distinct points in ). For each sample, we observe features
fx(X;) and fy(Y;). In addition, define the empirical probability measures as in the main text. Then, the empirical version
of the EFGW objective corresponds to

Lirawa(® =1 —a)Tr (CF) +a 3 S |D¥uw — DY) mymu+2 3.5 5 log <(“) :

ik=1j,l=1 i=1 j=1 1/nx)(1/ny)

where 7 € TI(Px, Py) is anx x ny empirical coupling matrix, [C];; = || f(X:) — fy(Y)) I3, [DX]ir = da(Xi, X)),
and [DY];; = dy (Y}, V7).

COPT (Dong & Sawin, 2020) is a graph matching method that produces a vertex coupling by coordinating vertex alignment
with graph signal alignment. Let Px = 327 0, /nx and Py = 305X, dy; /ny be the uniform vertex measures. COPT
further equips each graph with Gaussian graph-signal measures px on R"X and py on R™ constructed from Laplacian
pseudoinverses. For a coupling 7w € H(fP X, I@’y), define the COPT objective as

nx ny
A 2
£ = i f i T i i d 5

COPT(ﬂ-) T:T#I;Il}x:/ty /QER"X 7:21]:21 (g ( g)]) 7TJIU’X( g)
where g € R™¥ is a random graph signal on the source graph (with coordinates g; indexed by X;). The COPT problem is
then

min N LCOPT (7‘()
mell(Px ,Py)
The inner infimum selects a signal transport map 7' that aligns the graph-induced signal distributions, while the outer
minimization learns a vertex coupling 7 consistent with this global structural alignment. Unlike CDOT or EFGW that
incorporate node features through an explicit feature cost matrix C'y, COPT does not use node features in our setting and
relies solely on structural information induced by the input graphs. We use the resulting minimizer 7 as the matching output.
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Spectral Matching (Spectral) (Leordeanu & Hebert, 2005) aligns graph structures by comparing the spectral embeddings of
their similarity or distance matrices. Let Ux and Uy be the matrices containing the leading k eigenvectors of the source and
target distance matrices, respectively. Spectral seeks a correspondence that minimizes the distance between these spectral
embeddings:

glei% |Ux — PUy || %,

where P is the set of permutation matrices. This method relies solely on structural information and is non-iterative, making
it computationally efficient but potentially less robust to geometric ambiguities compared to OT-based approaches.

IsoRank (Singh et al., 2008) is a global network alignment algorithm based on the intuition that two nodes are similar if
their neighbors are similar. It is formulated as an eigenvalue problem similar to PageRank. Formally, let A; and A be the
adjacency matrices of the two graphs (normalized to be column-stochastic). The similarity matrix 12 is computed iteratively
via:

R=aARA; +(1—a)H,

where H is a prior similarity matrix (often uniform or based on node features) and « controls the fusion weight. (Here, « is
the IsoRank damping parameter and is distinct from the OT fusion weight used in CDOT/FGW/EFGW.)

G.2. Synthetic Data Experiments

We utilize the same synthetic dataset described in Section 6.1, consisting of 2D point clouds with four distinct clusters.
In this subsection, we provide implementation details and report comprehensive results on the synthetic 2D point clouds,
including a full comparison of Entropic FGW (EFGW) across varying regularization parameters.

G.2.1. IMPLEMENTATION DETAILS

The source and target distributions are sampled from isomorphic mm spaces defined on [0, 2]%, and the feature cost C
is given by the 0-1 penalty based on ground-truth cluster labels. We compare CDOT against FGW, EFGW, IsoRank, and
Spectral Matching (Spectral).

* FGW & EFGW: We use the POT library (Flamary et al., 2021). For FGW, we adopt the square_loss (GW-2)
and the default conditional gradient solver (ot .gromov.fused_gromov_wasserstein). For EFGW, we use
the Sinkhorn-based solver (ot . gromov.entropic_fused-gromov_wasserstein) and vary the regularization
parameter ¢ € {1074, ..., 1071},

* IsoRank: We construct the similarity matrices Ay and Ay from the distance matrices using a Gaussian kernel with
o = 1, such that [A];; = exp(—d,/2). These matrices are row-normalized to be stochastic. The prior affinity matrix H
is derived from the feature cost matrix C'y by setting H;; = 1 — [C];;, followed by normalization. The final alignment
is obtained by applying the Hungarian algorithm (LAP) to the converged similarity matrix R.

* Spectral: We implement Spectral by performing eigen-decomposition on the normalized distance matrices D~ and DY .
Instead of selecting top k eigenvectors, we use the full eigenmatrices. To mitigate the sign ambiguity of eigenvectors
(i.e., v and —v represent the same eigenspace), we compute the cost matrix using the squared Euclidean distance
between the absolute values of the eigenvectors. The final permutation is obtained by solving the LAP on this cost
matrix.

Consistent with the main experiment, we report the mean squared error (MSE) between the source X and the transported
target Y = N7Y over 100 independent trials. All distance matrices are normalized by their maximum values.

G.2.2. RESULTS

Table 5 presents the comparative results between CDOT and EFGW across varying regularization parameters. When
a = 0.0, the problem reduces to matching points based solely on cluster labels. Since points within the same cluster are
indistinguishable, CDOT (pure OT) yields a constant MSE of approximately 0.33. In contrast, EFGW consistently achieves
a lower MSE (= 0.16) regardless of the regularization parameter. This is due to the entropic smoothing effect: rather than
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Table 5. Comparison of MSE (mean = std) over 100 independent trials. CDOT is compared against Entropic FGW (EFGW) with varying

regularization parameters. The best MSE performance for each configuration is highlighted in bold.

CDOT EFGW (10~%) EFGW (10~3) EFGW (10~2) EFGW (107 1)
o n MSE MSE MSE MSE MSE
100 0.3327 £ 0.01 0.1686 + 0.01 0.1686 + 0.01 0.1686 = 0.01 0.1686 + 0.01
200 0.3355 £ 0.01 0.1677 + 0.00 0.1677 + 0.00 0.1677 + 0.00 0.1677 + 0.00
0.0 300 0.3326 £ 0.01 0.1676 £ 0.00 0.1676 + 0.00 0.1676 + 0.00 0.1676 + 0.00
400 0.3345 £ 0.01 0.1674 £+ 0.00 0.1674 + 0.00 0.1674 + 0.00 0.1674 + 0.00
500 0.3329 £ 0.01 0.1671 £+ 0.00 0.1671 + 0.00 0.1671 £+ 0.00 0.1671 £+ 0.00
100 0.0077 + 0.00 2.6562 £ 0.05 0.0098 £+ 0.00 0.0347 £ 0.00 0.1438 £ 0.01
200 0.0040 + 0.00 2.6684 + 0.03 0.0054 £+ 0.00 0.0334 £+ 0.00 0.1436 £+ 0.00
0.5 300 0.0027 £ 0.00 2.6651 +0.03 0.0038 £ 0.00 0.0333 £ 0.00 0.1437 £ 0.00
400 0.0020 £ 0.00 2.6670 £+ 0.02 0.0031 £+ 0.00 0.0332 £ 0.00 0.1436 £+ 0.00
500 0.0016 £+ 0.00 2.6666 £ 0.02 2.6666 £ 0.02 0.0330 £ 0.00 0.1434 £ 0.00
100 0.6743 £ 0.04 2.6562 £+ 0.05 1.3286 £+ 0.65 1.2439 + 0.57 0.6665 + 0.02
200 0.6712 £ 0.02 2.6684 +0.03 1.4212 £ 0.60 1.3157 £ 0.60 0.6691 + 0.01
1.0 300 0.6682 £+ 0.02 2.6651 +£0.03 1.3781 £ 0.65 1.2735 £ 0.56 0.6671 £ 0.01
400 0.6688 £+ 0.01 2.6670 £ 0.02 1.1405 £ 0.63 1.1384 £ 0.62 0.6682 + 0.01
500 0.6673 £ 0.01 2.6666 £ 0.02 1.4051 £0.70 1.2483 £ 0.66 0.6670 + 0.01

selecting a single random point, EFGW distributes mass across all valid targets within the cluster. This maps each source
point to the centroid (barycenter) of the corresponding target cluster, thereby minimizing the expected squared error.

In the fused setting where both feature and geometric constraints are active, CDOT consistently achieves the lowest MSE
(= 0.002 for n = 400), demonstrating the effectiveness of its convex formulation. EFGW exhibits significant sensitivity to
the regularization parameter . At a low regularization level (¢ = 10~%), EFGW yields a high MSE of 2.66, suggesting
numerical instability or entrapment in local stationary points, which is typical for non-convex solvers in complex landscapes.
While increasing € to 10~ significantly improves performance, it still does not match the precision of CDOT. Further
increasing ¢ leads to over-smoothing, degrading the MSE again. This highlights the difficulty of tuning € in EFGW, whereas
CDOT provides robust performance without such hyperparameters.

In the pure geometric setting, the symmetry of the four identical clusters renders the true alignment unidentifiable. Under
this regime, CDOT maintains a stable solution with an MSE of approximately 0.67 and a remarkably low standard deviation.
Interestingly, EFGW with high regularization (¢ = 10~1) yields nearly identical performance. This is because both methods
essentially converge toward the independent coupling due to the non-identifiability. However, EFGW with lower € shows
high variance and instability, often failing to find a consistent solution.

G.3. Real Data Experiments on the OASIS-3 Dataset

In this subsection, we provide supplementary details regarding the experimental setup, mathematical definitions of the
metrics, and comprehensive results on the OASIS-3 dataset that are omitted from the main text.

G.3.1. GEODESIC AND DIFFUSION DISTANCES

The geodesic distance between two nodes on a graph G = (V, E) is defined as the length of the shortest path connecting them.
In the context of weighted graphs (connectomes), edge weights typically represent connection strength (number of fibers).
We convert these weights into costs by taking the reciprocal (1/w;;) before computing the shortest paths using Dijkstra’s
algorithm. Since brain networks may contain disconnected components, the geodesic distance between disconnected nodes
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is mathematically infinite. To handle this numerically, we replace infinite values with a finite maximum distance, defined as:

d {shortestpath(i7 j) ifdand j are connected,
ij =

max(y )ep duy  Otherwise.

Diffusion distance captures the connectivity between nodes based on the probability of transition in a random walk, rather
than a single shortest path. It is defined using the heat kernel H; = exp(—tL), where L is the graph Laplacian and ¢ is the
diffusion scale parameter. The diffusion distance between nodes ¢ and j at scale ¢ is the Euclidean distance between their
corresponding rows in the heat kernel:

Dy(i,5) = [ He (i) = He(3, )2

Unlike geodesic distance, diffusion distance integrates information from all possible paths of length proportional to ¢,
resulting in a smoother metric that is robust to noise and topological perturbations. It evaluates whether two nodes share
similar functional roles (i.e., similar diffusion profiles) within the global network structure. This metric is widely adopted in
connectome analysis to capture global information flow and functional geometry (Coifman & Lafon, 2006; Abdelnour et al.,
2014). In our experiments, we set the scale t = 1.

G.3.2. IMPLEMENTATION DETAILS

For node features, we utilize 6 categorical labels derived from the OASIS-3 metadata: hemisphere (left, right, central)
and cortical status (cortical, subcortical). These are compared using 0-1 penalty. For the optimization, we set the fusion
weight o = 0.5 for CDOT, FGW, EFGW, and IsoRank to ensure a balanced contribution. We use the square_loss
for the GW term. All matching algorithms are initialized with an independent coupling (product of marginals) and run
for T' = 200 iterations. We compare CDOT against FGW, EFGW, Spectral, IsoRank, and COPT. For FGW and EFGW,
we utilize the POT library. For EFGW, we perform a grid search for the regularization parameter e € {107%,...,1071}.
SM is implemented by eigen-decomposing the graph Laplacian L. = D — A and computing node embeddings from the
full set of eigenvectors. To mitigate the sign ambiguity of eigenvectors, we build the cost matrix using squared Euclidean
distances between the elementwise absolute values of the eigenvectors. For IsoRank, we incorporate feature information by
setting the prior similarity matrix H = 1 — Cy, where C' is the feature cost matrix. COPT is implemented by constructing
the combinatorial Laplacian L. = D — A , computing its Moore—Penrose pseudoinverse L' via eigen-decomposition
with threshold e,y = 10719, and optimizing a nonnegative coupling with projected gradient descent combined with
Sinkhorn—Knopp marginal scaling.

G.3.3. RESULTS

Table 6 presents the detailed matching accuracy (mean =+ standard deviation) across all subject pairs. The results highlight
a clear trade-off depending on the geometric representation. FGW performs best under geodesic distance because the
shortest-path metric creates a rigid, isometric structure that aligns well with FGW’s quadratic objective.

The stark performance gap under diffusion distance (CDOT: 0.6136 vs. FGW: 0.1853) provides critical insight into the
behavior of the proposed loss function. Diffusion distance, by definition, averages over all possible paths to capture global
information flow. While this yields a robust metric insensitive to topological noise, it essentially acts as a low-pass filter,
smoothing out local variations and reducing the variance of pairwise distances. For FGW, this smoothing is detrimental.
The GW objective minimizes a quadratic discrepancy, |dx (z, ") — dy(y,y’)|?, which relies heavily on distinct pairwise
contrasts (high variance) to lock the alignment. When diffusion smooths the metric, the distance landscape becomes flat,
causing the non-convex GW objective to lose discriminative power and get trapped in local stationary points. In contrast,
CDOT overcomes this via its operator-based formulation and convexity. First, the distance operator Dp transforms the
diffusion metric into a global geometric profile (e.g., mapping a point to its average diffusion distance to the rest of the
brain). Even if pairwise contrasts are diminished, these global profiles remain distinct and alignable. CDOT’s structural
penalty aligns these global functional geometries directly. Second, and most importantly, the CDOT objective is convex
(Theorem 3.4). Unlike FGW, which wanders in the flattened landscape, CDOT effectively utilizes the linear feature term to
anchor the solution and guarantees convergence to the global optimum even when the geometric signal is smooth.

Regarding topology-based methods, SM shows poor performance (0.0737), implying that purely structural alignment is
insufficient. IsoRank, when enhanced with feature information (H = 1 — C/), shows significantly improved performance
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Table 6. Full comparison of matching accuracy on the OASIS-3 dataset (mean = std). For EFGW, results across varying regularization
parameters () are provided. The best value for each metric is highlighted in bold.

Metric

Method Diffusion Geodesic Topology
CDOT (Ours) 0.6136 = 0.11 0.4640 £ 0.14 -
FGW 0.1853 +£0.03 0.5375 £ 0.16 -
EFGW (¢ = 107%) 0.4097 £0.14 0.0000 £+ 0.00 -
EFGW (¢ = 1073) 0.3342 4+ 0.06 0.4583 +£0.12 -
EFGW (¢ = 1072) 0.2889 £+ 0.05 0.4178 £ 0.10 -
EFGW (¢ =107 1) 0.2567 £ 0.05 0.3988 £+ 0.09 -
Spectral - - 0.0737 £ 0.03
IsoRank - - 0.4055 £+ 0.09
COPT - - 0.0253 £+ 0.01

(0.4055). Howeyver, it still falls short of OT-based methods (CDOT and FGW). This suggests that while feature information
is critical, IsoRank’s reliance on local neighborhood similarity is less effective for brain registration than OT frameworks,

which align graphs based on detailed geometric structures (pairwise distance matrices).
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